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1-1 Trigonometric Functions: 4t Ji sl

Given central circle with a radius (r), The point P(x,y) could be any point on
the circle then:

> Sine of @ — sinf =7
T

v-axis

> Cosine of § — cosf = |

r
» Tangent of 6 — tanf = = S T

osf x ; | 1N

> Secantof§ - secf = ___ =T £ a4

— % S A .
» Cosecant of @ — csc = =L

sinf y
» Cotangent of 6 — cotf = =X
tan 6 y
From above triangle we can say:
r2=a 4y ool
But: x =7rcos0 &y =sinf
s 12 = (r cos 0)% + (r sin 8)?
r2 = r2c08%0 + r2s5in%0
12 = 12(c0s%0 + sin?0)
sin2@ + cos?0 =1
Some trigonometric Identities:

» sin?x +cos?tx =1 ...l (1)
> tan?x + 1 = sec’x (cos2x e )1 (8 Aalaall dand (1o A3
» 1+ cot2x = csc2x (sin2x e )1 (a8 Aalaall dand e A3l
» sin2x = 2sinx cosx
» COS2x = cos’x — sin2x
» cos2x = (1 —sin?x) — sin?x — cos2x =1 — 2sin2x

2sin?x =1 —cos2x — = sin?x = %(1 — €Os 2X)
Also, cos?x = %(1 + cos 2x)

sin(x + y) = sinx cosy + cos x siny

sin(x —y) = sinx cosy — cosxsiny

cos(x + y) = cosxcosy —sinxsiny

cos(x —y) =cosxcosy + sinx siny

YV VYV



> tan(x + y) — tan x+tany

1—tan x tan y
> tan(x . y) _ tan x—tany

1+tan x tan y

» sinA.sinB = %[COS(A — B) — cos(A + B)]

» cosA.cosB = %[COS(A — B) + cos(4 + B)]
> sinA.cosB = %[Sin(A — B) +sin(4 + B)]

e Prove that: sin?x = %(1 — cos 2x )
1
Right hand side = 3 (1 —cos2x)

[1 = (coszx — sin?x)]

Nl o=

1 ,
= 5[1 — (1 —sin®x — sinzx)
1 2
=-[1—-1+2sin x]
2
sin?x = the left side > - 0.K.

Al g3 g b

F(sin) @ ef +(sin, cos, tan...) Y1)

+ (tan) A &l + (cos) @l @

4t & sy 50 21 ()53 Aad e iy Y sl (e 220 gl ke gl ALl
Devers 180 5l 500 & BT & 52

360 =27 &270 = "&180 =1&90 ="
2 2



sin d) Ao e luss Al 33 55 831 sy oyl e (27 & ) Akl Ui <
- ol Zdh\ﬂgus Sin (s

cos(m+0) = —cosf il &)
tan(mr — 0) = —tanf U &)

sin(mr—0) = +sinf S g
sin(m + 0) = —sinf XA )l

cos(m+60) =—cosf L&) tan(mr + 0) = +tanf I &)
sin(2r — ) = —sin6
tan(2wr — §) = —tan¥ el AU
cos(2m — 6) = +cos 6
e LAY

Sin(-0) =-sin O, cos (-0) =cosO , tan (-0) = -tan (0)

I A e \giatia ) AU 5 g5 LY any )l s ;;(?”&%) Lacdl U <
€08 (o) i i A ga (S5 I W1 ) G sin

gl¥l Qlise AUy
T ) T
sin(§+9)=+c059 cos(§+0)=—sin9
G:\f\l\ @)l\ @U‘ C.:)H
T T
cos(E +60) =—sin6 tan(z + 0) = —cotf
S g Py
T T
sin (E— 0) =+ cos O tan(z —0) =+cotl
¥ @) Js¥ g
3n 3n
sin(7 —0) =—cos@ sin(7 +60) =—cos 6
il o) d e
3n 3n
cos(7 —0) =—sinf tan(7 —0) =+cotl
il o) i o)
3n 3
cos(7 +60) =+sinf tan(7 +60) = —cotl
@U.\\ @)1\ @l).“ t.').“

+ Some examples about Trigonometric Functions
sin 10x = 2 sin 5x cos5x
cos4x = cos?2x — sin’sx
CoS27x = 1(1 + cos 14X)
sin215 = _(1 — cos 30)
2
cos 330 = cos (270 + 60) = +sin 60

or cos 330 = cos (360 — 30) = cos30
sin 150 = sin(180 — 30) = +sin 30



1-2 Functions: J! s
1-2-1 the Domains and the Ranges:
dapa 5 )y( J4as o8 33l ) )x( J 48E) a8 Jae  :Domain
Equation — y = f(x): 08 dalaall
dapa 5 )x(J Ak a8 36 ) )y(J G a8 Jse s :Range
Equation — x = f(y):0s8 dabaall

Domain and Range are divided in to bounded and Infinite Intervals:

Bounded Intervals Infinite Intervals
saxsall <l yidl saasall &l i)
l la<x<b 1 —0 < x <00
a )b — open intervals —00 « () > o0
Dy, :a<x<bor(a,b) Df: —00o < x < o0 or (—00, )
Or R (all real number)
2 lasx<bh 2 a<x
| 1b — close interva (a — oo
Dy, :a <x < bor|a,b] D¢ :x > a or (a, )
3 lasx<b 3 asx
Al )b — half-open interval [a—00
Dy, :a<x<bor|ab) Df :x = a or [a, ™)
4 la<x<b 4 x<b
a( |b— half-open interval —00 < D)
Dy, Rr:a<x < bor (a,b] Dy :x < b or (=, b)
5 x<b
—00 « D]
Dy, :x < b or (—oo,b]

Example1l: y= f(x) =x+ 15
D R
To find the range:- Re- write the function as x=f(y)
y=x+15-x=f(y) =y—-15
~Ds: R



Example 2:

3
y=— # o
x—2
Lyl 5x—2#0->x#2 — & Di:R/{2}
To find the range: - Re- write the function as x=f(y)
3
= —2y=3
Y= 7YXy
3+ 2y

yx=3+2y-ox=f(y) =

y
~ Rf: R/{0}
Example 3:
y=vi—1 st (il o e el (5 e Y
Lyl 5x—1=0->x>1
Df:x: x> 1o0r[1,o)

To find the range:- Re- write the function as x=f(y)

y=Vx—-1-y2=x-1
x=y>+1
iaRey: vy 007 [0,00) Al b Ll A oY i jhall G gall il 6

Example 4:

1
y= — A e L asase iall lia

Lyl 5x—1>0->x>1
D x:x > 1or (1,00)

To find the range:- Re- write the function as x=f(y)
1

—>y2=
x—1 x—1

y:

1—y?2 1
32 —>x=1+37

y2x—y?=1->x=



“ Ry Yy 0 deS 5 d s Ally o AdaY) A Y Db A sall il LG

Example S:
— — 2
y=Vi1-x [++ + + +]
Lyd-1—-x2>0(1 = —1 -1 +1 +l=x
— )1 +x) 20 “l=x=d

Qbm\\;l..ﬂ&\‘gﬂ\ﬁ\eu\)&a — & D —-1<x<1or[-11]

To find the range:- Re- write the function as x=f(y)

y=\/1—x2—>y2=1—x2

x2=1—y2 - x=V1—y2
Lyl »1—y2>0(1
-y)A+y)=0
il Al L) g A awy 0 — & R 0<y<1or[0,1]
Example 6:

1
y=x+_ x#0

X

D R/ {0} ol Jae ol Juals g S AN Jlae

1 x%+1
To findthe Range: y=x+_->y=__-S>yx=x2+1
X X
x2—yx+1=0 0
a=1&b=-y & c=1
V2 (4x1%1)
x = YEVY (1)
2x1 + 4+ (- - - == ) 4 4
byl »y2—4>0(y x=-2 -2 42 +2=x

—2=x =2

-2)(y+2)=0

A1 aas g (0 Rt y=>2Uy<-20rR/(-2,2)



Example 7:

y =Vx% —3x
bdll — x2—3x >0 +4+4++0[-——-13++++
x(x—3)=0 « -
WMoy v —Dp. x=3Ux<00rR/(0,3)
To find the Range:

y=vx2—3x > y2=x2—3x
x?—3x—y2=0
:1&b:—3&c:—y2 )}hﬂ\@)&@m\ﬁjﬂ\wdﬁu\d}

O Taele(—yD)]
x=3i\/9 [4%1x(—y2)]

" — 9+3y2>0

Jad Re: y = 0 or|[0,00) Jiaall (o ALl adl ol iy 135 4 ja Ay o W) Jual

Example 8:

Find the domain only for y = vVx — 3 + /3 — 2x

Vx—-3 + +3-2x
! !
Dfl=>x-3=20 —x=>3

3 +4++3/2] ------ [3+++
Df2 = 3—2x20=>322x—>52x “— -
gl Jialy 0l e ) e 2 Dy =@ A L Df)N(Df2) =9

Example 9: Find the domain only for

y=v4-—x+Vx—-1
=V4—x Vx—1

r

P

]
i |
+1 Tt g

L

C -
C L

4—x>0 x—1>0 Di:-1<x<4or [14]

1C



4=>x x=>1
<l jlial g Jgall Josw pwy 0 & Dri-1 < x < 4or [14]

Example 10:

-

Find the domain only for:- s

) 71 FE T +4 -

x—1
4—x

|l
b

x—1

V4—x
Dfl=>x—-1>20>=>x2>1

Df2=>4—-—x>0=>4>x
~ Dr:-1 < x<4o0r [14)

Note: the domain and the range of any function could be found also by graphing
the function itself.

The projection of the graph of a function (f) on the x-axis is the domain (Dy) and
on the y-axis 1s the range (Ry). Y-axis

Examplell:y=x+1 YRl \

Df: R < / J - X-axis

RfI R

Y-axis
Y= X’ A
Example 12:y = x2 ‘—\ /
X-axis
DfZ R
Rf: R v
Y-axis

Example 13:y = sin x

y =1
De: R X-axis < /\\\/\ /\\/\\/4
Rr =[-1,1] -.

11



Mathematic (1)

Example 14:

y = 2sin X
DfI R
Re=1[-2,2]

Example 15:

y =2+ 3sinx
DfiR
Re=[-1, 5]

Example 16:

y = sin?x
DfI R
R¢=[0,1]

Example 17:

y = —2sin?x
DfI R
Rf= [-2,0]

Example 18:

y = COS X

A

X-axis

X-axis =

Y-axis

A

.

VAYRVAVERE
VARV Y Y| v=-1
Y-axis

Y-axis

A

» APPENDIX Trigonomet

X-axis

A




Mathematic (1)

Ds: R
Re=[-1,1]
1-2-2 Even and odd Functions: 42,80 J1gall 5 4 930 J) sl
A function () is called:

» Even if — f(-x) =+ f(x)
» 0dd if — f(-x) —f(x)

Examples:
) y=x?
f(=x) = (—x)? = x2 = +f(x) —- even function
2) :y=2x8
f(—x) = (—x)3 = —x3 = —f(x) - - odd function
3) y=8
f(—x) =8 — - even function
Note (1) : For all x € D¢:

» Even if — the function is symmetric about the y-axis.
» 0Odd if — the function is symmetric about the origin.

Examples:

Y-axis Y-axis Y-axis
y=X 4 Y:XJ ‘\A y=8 ‘ 4
:\ j » X-axis < > X-axis <« >

Y Y v

Even Function Odd Function Even Function

Note (2) :
» 0dd + 0dd = 0dd & Even + Even = Even

> 0dd * 0dd = Even&Even * Even = Even
» 0dd/Even = 0dd = Even/0dd
» 0dd * Even = 0dd = Even = Odd

» APPENDIX Trigonometric Function 13



Mathematic (1)

Examples
1) y=sinx

Odd function (symmetric about the origin)
2) y=cosx

Even function (symmetric about the y-axis)

J) y=tanx
sinx 0dd
Y= sz Even 0dd function
2, 4
4) f(X) _ X“+x
X+sinx

even + Even _ Even
0Odd + 0dd odd

f(x) = = 0dd function

5) f(x) =x3-2
f(x) = 0dd — Even = neither Even nor Odd

3,5
6) f(X) — x°+x
sinx+2
0dd + 0dd
f(x) = = neither Even nor 0dd
0dd + Even
1-2-3 Limits of a function: <&l
Y-axis
Definition A
y = f(x)
lim f(x) = L Mean that when a value of (x)
x—a L
Close to (a) =1(x) approaches the limiting value (L).
lim f(x) =L Mean that (x) approaches (a) from the e Soakiilh
x—a+ B A

lim f(x) =L  Mean that (x) approaches (a) from th

x—-a—

Note:

» APPENDIX Trigonometric Function 14



Mathematic (1)

If lim f(x) =L = lim f(x) = L we say that lim f(x) = L exist,

x—a+ x—a~ x—=a

Otherwise the limit doesn’t exist.

Example 1:
2
Find lim f(x) when f(x) = [x +1 whenx>1

x-1 3 whenx < 1
lim f(x) = lim(x2+1) =(1)24+1=2
x—1— x—1—
lim f(x) = limB3—-x)=3-1=2
x—=>1+ x—->1+
©lim f(x) = hm f(x) =2 -+ lim f(x) Exist
x—-1— x—1

Example 2:
2
Find lim f(x) where f(x) = [* +1 whenx =0

x—0 X whenx < 0
lim f(x) = hm(x2+1)—0+1—1
x—0+ x—0+
lim f(x) = lim (x) =0
x—0— x—0—
* lim f(x) # lim f(x) = ~ lim f(x) Doesn’t exist
x—>0+ x—0— x—0

Properties of Limits; <) gaibad
Let: lim f(x) = L1
xX—a

lim g(x) = L2

x—a

K is a constant, then:
1) lim[f(x) £ g(x)] =lim f(x) + lim g(x) = L1 £+ L2

x—a x—a xXx—a
2) lim[f(x) * g(x)] = lim f(x) * lim g(x)
x—a x—a x—a
3y lim 27 = 6’ bt lim g(x) # 0
x—a gx) hm g(x) x—a
4) limK * f(x) = K * lim f(x)
x—a x—a
5) imK =K
x—a

» APPENDIX Trigonometric Function
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Mathematic (1)

6) limx =a

x—a

7) lim1=0 and lim Vx = o
xX—00 X X—00

8) lim !=+owand lim.=—o butlim =0
x—0+ X x—0— X x—01

9) limsinx =0 ; limcosx =1and limtanx =0
x—0 x—0 x—0
sinx

10) lim™ " =1and lim_~_=1
x—0 X x—0 sin x
1) lim*=1and lim_*_ =1
x—>0 X x—0 tan x
12) lim ~“** =0
x—0 X
xz xz
13) limsin(___) =sin(lim __)
x—a T+Xx x—a T+x

Note: sin or cos or any trigonometric function is the same

14)  lim ™G = | MGy and lim * = [lim 1]
x—a

x—a x—a X" x—->aX

Note:
Undefined expression in limits:
0 o 0 o

) — ,— ,0% 00,00 % 00,00 — 00
o 0

)

o
8 |

but we can say o + o = oo

i) i Ja A ol (Saall Jal) culli
by gl IS 1)l g gatl) )]
I 9 (e paliasll alaiuly )3 Al Iy Cad €l 1 G jally ol gl Adlisdl sl 5k plasis )2
Al g i€ 1313
sJall 3yl &0 Gllligh x — 00 CilS 1) )4
x5 oolevie st & 5 Al juie My Jsai Adilie J) g calS 13 Y
y
y—0
ALl 2 se gl S e s 4 S g all 13 Ll
o 81l i o 3 jall (b palls & S 10 ) g Al ol 4y S 2 10 CulS 1A G
Al (3 sa
S0 gl (i b ooty )5

Evaluate the following limits:

» APPENDIX Trigonometric Function 16



Mathematic (1)

Examples:
2
1) Lim* ™t 1,
x>l xzx—l !
2) lim
x-1 x+1
mETDEFD i —1)=—1-1=—2
x—1 (X + 1) x—-1
3_
3) lim* "
x-1 x—1
— 2
i F T DEFXAD e x4 D) =1+141=3
x—1 (X — 1) x—1
4)lim__ "~
x—0 1-V/1—x
=lim ", VI il iy byl

x-01-Vv1l—-x 1+V1—x

= 1im D i Y i+ V=) = 14+ V= 2

x—0 1-(1—x) x—0 1-1+4x x—0

5) lim ™«
~ sin3x
= lim
x—0 X

3
*x —=1*%x3 =23
3

7) lim sin 3x

x—1 sin 5x

sin 3x *

ul| W

= lim
x=>1gin 5x *

v ot w
= |><|>< |><

. . .
8)lim__ "% jim S s _ 1,0

x—0 Xx(1+cosx) x0 x x0(1+ cosx) 2

» APPENDIX Trigonometric Function
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Mathematic (1)

. 1—cosx
9) lim———
x—-0 )
. 1—cosx 1+cosx . 1—cos x
= lim * = lim ————
=0 X 1+cosx x50 x(1+cosx)
) in2 ) 1 ) j 0
= lim Six = lim3"™ «lim__S"Y _—14-=0
-0x(1+cosx) x>0 x  x-0(1+ cosx) 2
10 . sinx
) lim
X—=T X—TT

Assumey =x—mT=>x=y+T

when x > 1=y -0

— lim sin(y + ) _ |y SRy cosm tcosysinm _ i —SinYy
y—0 y y—0 y y=0 Yy
. cos™
11) lim_ ~x
x—2 x—2
. T T
sin(C.—"
— lim#
-2 xXx—2
Assumey=x—2>=>x=y+2
when x > 2=>y-0
sin(E——n ) ym + 2w — 27
sin ( )
— lim 2 y+2 lim 2(y+2)
y—0 y y—0 y
sin (_y_n T
— lim 2060+2) 204 2) — jim . _r
y—0 y=02(y + 2 4
y 20y +2) v+2)

Example 11: lim x sin (E)
X—00 X

1 1
Assumex = _—>y = _

y X
when x >0 =y -0

= M — sin 2y
y—=0 Yy

» APPENDIX Trigonometric Function
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Mathematic (1)

sin2y*2 -2

=lim
y—0

y 2

. 4x3-2x%+1
lim

X—00

Example 12:
3x3-5

4x3  2x2 1

. 3
= lim X

X—00

D

32X

x3 X3
Example 14:lim(VxZ + 2x — x)

X—00

VXTI F2Zx + x
Vx2 4+ 2x + x

= lim(\/x2 + 2x — x) *

X—00

= lim
X—00 xZ

x2

LR R

KR

+

Continuity of a function:

— + .
X3 X3 =

(oo o B

A oS Jla b ke
w00 J) gn @)y S

4 il ol 81 e ey Ll
3
X2 4 2x — x2
= lim

x>0 \x2 4+ 2x + x

Continuity of a moving particle on a single path without unbroken curve, gaps,
jumps, or holes such curve can be said to be as continuous.

Y-axis

> = £(x)

Y-axis

y = f(x)
P s
X-axis

X-axis
a

| |

Figure (1) continuous function

A function 1s said to be continuous at x = a if the

1) The f(x) is exist or defined.
2) lim f(x) exist.

x—a

3) lim f(x) = f(a)

x—a

Otherwise the function is not continuous.

a

Figure (2) not continuous function

following are satisfied:

Example 1: check if the function is continuous at x =5,&x =0

Whenx > 5
Whenx <5

where f(x) = xz—1

X

» APPENDIX Trigonometric Function
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Mathematic (1)

atx =25
f(5) = (5)? — 1 =24

lim x2—1—- lim 25 -1 =24
x—5+ x—5+

Lim —» lim 5=5
x—5— x—5—

lim f(x) # lirsn_ Ji€))

X5+
The limit does not exist, therefore the function not continuous at x = 5
Atx =0
f(0) = does not exist, therefore the function not continuous at x = 0
Example 2: Find the constant (a) and (b) if the function is:
x2+a Whenx =0
3+b When—1<x<0

f(x) =
x+5 Whenx < -1

And the function is continuous at x = 0 and x = —1

f(0)=(0)-a=a

lim x24+ag=aqa

x—0+

lim 3+ph=3+b
x—0—

lim x+5=4
x—1—

The limit must be existso4 =3+ bthenb =1

Then the function equal the limit value 4 = 3 + b then b = 1 substitute in
equation (1) thena=3+1=4

2435
Example : For x + 2 the function is equal to ’ﬂ, find the value of
—_— x—2
f(2) to make the function continuous at x = 2 .

The limit to be exist must be equal from the lift to the right so:

lim x%4+3x—10 > lim (x+5)(x—2)
x—2 x—2 xX—2 (x=2)

» APPENDIX Trigonometric Function
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Mathematic (1)

lim(x +5) =7 Tobe continuous then:  f(x) = lim f(x) =7
x—2

x—2

1-3 Equation of straight lines and circles: Y-axis

&

A. Equation of Straight lines: 2y2)
» The slope (m) of a straight line passing through (XWA
points (x1, yl) & (x2, y2) is: Ax

Ay _y2myz . y17y2 »  X-axis
Ax x2—x1 x1—x2

m =

» The equation of a straight line passing through
(x1, y1) and has a slop (m) is:

Y=yl =m(x —x1) et (the point — slop equation of the line)
» The general formula for the equation of a Vsl

straight line with a slope (m)

y—yl =m(x—x1) ©,b)

y—>b=m(x—0) |

Y=mX+ b (the point — —

intercept equation of the line)
Note 1: Two lines are parallel if and only if they have the same slopes.

L1 parallel L2 if m1 = m2

Note 2: Two lines are perpendicular if and only if they have the product of their
slopes is (-1).
L1 perpendicular L2 if m1 X m2=—-1-ml = -

m2

Example 1: Find the equation of the line passing through (-2,-1) & (3.4) 2\

_ y2—yl _ 441 _
T x2—x1  3+2

Using (—2,—1) we find:

1

y =yl =m(x —x1)

y+1=1(x+2)

y=x+1

Orusing (3,4) wefind: y—4=1x—-3) ~y=x+1
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Example 2: Find the slope and y-intercept for 8x + 5y = 20

8x + 5y =20
5y = —8x + 20
y=__8x+4

5
m=_"&b=4

5

Example 3: Find the equation of the line passing through the origin and the

point of intersectionof > x +y =2&L2 -5 2x—y =-57?

X+y=2-x=2-y
22-y)—y=-5
y=3-x=-1

The point of intersection (-1,3)

_y2=yl _ 3+0 __
x2—x1 —-14+0

Using (0,0) or (-1,3) we find:
y—yl=m(x —x1)
y—0=-3(x—-0)-y+3x=0

B. Equation of circle:

The equation of a circle centered at (h, k) and
has a radius (1) is:

(x— )2+ (- k)2 =12

Example 1: Find the radius and coordinate
of center for:

X2+ y2+4x—2x—-2y+1=0
x*+4x+4=4+y2-2y+1=0
x+2)x+2)-4+@-Dy -1 =0
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x+2)2+@y—-1)2=4
The coordinate of center is (-2, 1) and the radius is (2) unit length Or
x2+)éi)+4x—2y+1 =0 -eqxt+y?+ax+by+c=0

=_"=-2 _—@
h > - h=—
k:—_(_z)zl —)k:ﬂ

2 2

r=v(=22+(1)2-1=2 —->r=vh*+k?-c

Example 2: Find the equation of the circle centered at (1, -2) and passing
through the point (7, 4) ?

d =r = V(Ax)?2 + (Ay)?
=V(7 =12+ (4 +2)?

=+/72 unit length
The equation is:
x—1)2+@y+2)2=72

Example 3: For this equation: 3y2 — 12y + 3x2 + 6x = 18 find:
» The center and the radius of the circle.
> The equation of the circle.
» The area of the circle.
3y2 — 12+ 3x2 + 6x = 18
[3x2 +3y2 +6x — 12y —18 = 0] + 3
x2+y?+2x—4y—-6=0

@ _ @ _qgpo=®_-H
h_z_z_ 1&k—2— 2 =2

The point of the circle is:
x+1)2+(y—-2)2=11
The area of circleis: A = wr?2 = 3.14 * 11 = 34.54  unit area

Ex: Find the slope (m) and y-intercept (b)

1)8x + 5y =20 Dx—2y=4
5y = —8x + 20 2y =x—4
8 20 1 4
y=—_x+_ y=_x—_
5 5 2 2

1

y=mx+b m=_

8 2

am=—_ po_t_ o

5
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p="=4
5

Ex: Find the equation of the line passing through the origin and the point
of intersection of Ly:x +y =2 and L;:2x—y = —5

x+y=2
2x —y =—=5
3x Ay=—35_’0—>x=—1—>y=3—>(—1,3)
m=__ = =—3

Ax  —-1-0
y—yo=m(x—x)—->y—0=-3(x—0)
Note:

¢ Two lines are parallel if and only if they have the same slope L1//L> if
m; =m;

¢ Two lines are perpendicular (orthogonal, vertical) if and only if the product
of their slopes is (-1) .

LilLyifmi*smy=—1lorm = ——
my

A) Circle: the equation of the circle with a center ( h, k) and has a radius (r)
is(x—h)2+ (y—k)2 =12
x—=2)2+(y-k2=9 ol a5 38 jall aa )
3=, (2,-3) XS
(x+2)24+(y+3)3 =16 4 =3, (=2,-3) KA
Ex: Find the radius and coordinate of the center
x2+y2+4x—2y+1=0
x2+4x+y> -2y =-1

xX2+4x+4—-4+y2-2y+1—-1=-1 xd«etulz g 7okl 5 i

(x4+2)2—4+(y=1)2-1=-1 Rl
x+2)X2+(@y-1)?2=4 - (=2,1),2

Ex: For what value of k does the circle (x — k)Z + (y — 2k)%? = 10 pass
through the point (1, 1)

(1= J)2 + (1= 2k)? = 10
1—2k+k?+1—4k+4k2—-10=0

5k2 — 6k — 8 = 0

(5k +4)(k=2) =0 citherk = =2 or =

Ex: Find the equation of the circle centered at (1,-2) and passing through (7,4)
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r = gkl (g diladl V(7 = 1)2 4 (4 = (=2))2 = V72
The equationis (x —1)2+ (y +2)2 =72
H.W:
¢ Find the equation of the circle that passes through the points A(2, 3),
B(-4, 3) and C(3, 2).
¢ Find the equation of the circle which passes through (10, 2), (9, -3) and
the center of the circle lies on the y-axis?

)o,k( Sl cdan) o) ay 13a

(2) Differentiation

We call that derivate of the function f(x) as f~(x), ) or Z_y
dx x

¢ The derivative of a function at a point x = a s the slope of the
tangent line to the curve.

ory

) e = pledl Je o) s xie
Ex: Find the equation of the tangent line to the curve  4.x*?

\
y=x%zat(2,4) e
dy = 2x cet)
dx dy
m=_"_=2x2=4at (24)
dx

(2.4) olad dilaa (3o
y—yo=m(x —x) ~y—4=4(x—2) (2,4) 2ie (laall Ailra

2-1 Properties of the derivative
1) % (c) = Owhere c is a constant
2)LIf) £ g()]=fx) £ g (x)
DL f@) =cf )

Y Lf(0).g0)] = f(x).g°(0) + g(0). f (%)

5) 4 f() _ gL D—f (.9
dx g(x) [g(x)]?

6 a uU) — u—1
)dx(x) ux
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) (sm X) = COS X
8) 4 = — i
) < (cosx) sin x
) (tan X) = sec’x
10)i (cotx) = —csc2x
dx
11)<4 (secx) = secx tan x
dx
12) 4 (cscx) = —cscx cotx
dx

Example: Find E‘L for the following
X

fy=x2(x3+2)=>y =x2(3x2) + (x3 4+ 2) * 2x
x*0—3+1 3

00 __:) — —_ -
y y == 2

ORy=3x"1=y = —-3x2 =->

x2
Sy =tan’x =y = 2tanx.sec2x
%y = sin2x3 = (sin x3)?
y' = 2sin x3 cos x3 * 3x2
wy= \/m: y = (sec(3x3))1/2

y = 51 [sec(3x3)]~1/2 * sec 3x3 tan 3x3 * 9x2

Sy = \/sec(x cosx) = y = [sec(x cos x)]1/?

y = [sec(x cos x)]1/2 x sec(x cos x) tan(x cos x) *
2

[x(—sinx) + cos x (1)]
2
“ y = tan? (cos H= [tan (cos 1_)]
x X
: 1 1 .1
y =2tan (cos_).sec?(cos ) * —sin _x —x—2
X x x

» APPENDIX Trigonometric Function

26



Mathematic (1)

2-2 Hi4gher order derivative

Y
Fmd‘;? for y = x6 — 3x* + cosx

y = 6x>—12x3 —sinx

2
vy = 30x* — 36x%2 — cosx d_x=
dx?
. d3y
vy =120x3 —72x + sinx =
dx3
y " =360x2—72+ cosx
Chain rule:
Y
Ify = f(t) and x = g(t) then é =4
dt
_ _ dy _ dy dt
Ify = f(t) and t = g(x) then yelabrn

Ex:ify =sint ,x = cost find 4
— dx

d
dy_g%_ cost

dx T odx _—sint
dt

= —cott

Ex: Find &ify = t3 and t = x% + 2

dx
d dt _
_y = 3t2 ,— — Zx
dt dx

dy _dy dt — 3¢2 4 2x =3(x24+2)2*2x Or
dx dt dx

= (2423 Ldd payel
dy = 3 (x> + 2)% x 2x
dx
2
Ex: Findd”ify = (&2 + 1)4x =t2 + 5

dx?

dy = 4(2 + 1)3 # 2t , 2 = 2t
dx dt
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dy

dy 4 4(t2+1)3%2¢
—_— = — = 4- t2 1 3
dx 9 2t (¢ +1)
dt
2 d (dy) 2 2
dy atlax 12(t +1) *2t
Y _ arae) - = 12(t2 + 1)2
dx? dx 2t ( )
dt
. dy’
d?y _dy _
dx? dx dx

dt

2-3 Implicit differentiation () LY
We differentiate both sides with respect to x

Ex:Find 2 if x2 4+ xy+y—x=0

dx
2x+xy +yx1+y —1=0
2x+y—1=—xy —y
2x+y—-1=y(—x—1)

« _ 2x+y-—1
—x—1

Ex:siny +xsinx =1

cosy*y +xcosx +sinx =0

y‘cos Yy = —XCOSX — Sinx
\ __ —Xcosx—sinx
y cosy
Zy 1
Ex: If x2 +y2 =1showthatd” = —
d d
2x+2y+ 2 =022y = —2x
dx dx
dy _  2x _ _x
dx 2y y
2 y—x® oy
d_y —_— dx — Yy
dx2 y2 yZ
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) y_|_ yot+x
d”y - YV =—_Y
d2y _ y2+x? 1

Ex: Find the equation of the tangent to the curve

y = sin Vx at (m2,0)

1 1 1
& = cosVX*__=cosm*_=—__ at (72 0)
dx 2+/x 21 2r
1
y=y =mx-x)=>y-0=-_(x—m?)
o [e] 271.

2-4 Application of Derivatives:-

Increasing function when f~(x) > 0 dage AL
Decreasing function when f~(x) <0 e A4
Horizontal tangent " (x) = 0 Laic
oSally ) Al 5 e e it ) ) 5 L8 A aa ) i 1
Ex: Graph the functiony = f(x) = x3 — 3x2 + 4
sl g el Ll e )]
Whenx=0=y=4= (04)
Wheny=0=>0=(x+1)(x—2)2=>x=-1=(-1,0)
x=2>=(2,0)
i s g L1224 6 0 0 2 )
y =3x2 —6x = 3x(x — 2) t+e  — o1t
0 2
Al dxdall 3893

y =6x—6=>x=1
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O b O

L,,)[\)»—iOrl—tx

Ex: Graph y = x2 + 2x + 3

y=x2+2x+1-1+3=>y=(x+1)2+2

/\M

Ex: Graph y = —sin (x — 5 +3
2

-\ :‘\ \

4 "!

| /\'

i
———
>_—_- -
———
I —

5 Wf

—V

N/ NS -

| ‘
TN
|/

/ﬂ \ . \5_,_&1,- (x-¥y)+3
J\\/ \ P{ =%
\ T
Ry : L

\3 Lﬁ‘\'\) 5 )(q’l)(‘\‘?)
.ﬁ\,z\
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Ex: Graphy =x2+2x+3 =x2+2x+1—-1+3

y=(x+1)2+2

Y = (XA 2

Ex: Graph y = —sin (x — f) + 3
— 2

\‘5 :S—;.A)Q

[
,% % LN\
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Q1: A body moves in a straight line according to the law of motion
s=1t3—4t2 -3t

Find it’s acceleration at each instant when the velocity is zero.

d d
v="=3t2-8t-3,a="=6t-8
dt dt

0=32—8t—3=0=(3t+1)(t—3)
1

“t=——ort=3
3

~a=-100ra =10

. : d : d
Q2: Find the velocity v = ~ and acceleration a =
dt dt

1) s =2t3 —5t2+4t—3
2)s = gt2/2 + vet + so, (g, Vo, So constants)
3) s = (2t + 3)2

Q3:Findy and y~
)y =2x%* —4x%2 -8
2) 2y = 6x* — 18x%2 — 12x

4 3 2
Ny="-T+T—-x+3
4 3 2

4)yy=CBx—-1)2x+5)

5) y = sin3x.tan?(x + 2)2Vx — 1
1

6)y = —— where h is constant
sec(x“y+h)
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(3) Integration
) fde=x+c
2) JF () £ g(x)) dx = [ f(x)dx £ [ g(x)dx
3) [ k.f(x)dx = k [ f(x)dx where k is constant

n+1
4 [xdx="_+c n#+ -1

n+1
5y [ =Inlxl+c
X

Ex: Evaluate the following integrals
3 2
D [(2+x)dx = [x2dx+ [xdx =" +7 +¢
3 2
2
— xdx =42 +c=2x2+¢
2) [4xdx =4 -

2 6
3) (a2 + 1)5. 2xdx = ) 4 ¢

6
4) [(x3 + 3x 4+ 5)(x2 + 1)dx

3
= [(x3 + 3x + 5)(x2 +1)§dx

zi(x3+3x+3)2+c
3 2
2 1 1
5) [X ™ dx = [ x2dx + _[ xdx
7 7 7
3 2
="+ +¢
21 14 .
b _
6)f_x=fx—5dx=x_+c=—1_+c
x5 —4 4x*
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3-1 Integration of trigonometric function
Sincei (sinx) = cosx then [cosxdx =sinx+c
Similarly for other trigonometric function

1) fcosu du =sinu+c

2) [sinu du =—cosu+c

3) [ sec?u du =tanu + ¢

4) [ csctu du = —cotu +c¢

5) [ secutanu du = secu + ¢

6) [cscucotudu = —cscu + ¢

sinu
dx =—1In|cosx | +c

7) [tanu du = |

cosu

Cos x

8) [cotx dx = [ __"dx=In|sinx|+c

sin x
9) [secx dx =1In|secx +tanx |+ ¢

10) [ cscxdx =1In | cscx — cotx | + ¢

Ex:

1) [cos3xdx = ifcosBx*Bxdx= “sin3x + ¢
3 3

2) [sin 7xdx = — Lcos 7x + ¢
7

3) [sec?(x +3)dx =tan(x +3) + ¢
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4) [ cot2x.csc2xdx = —1_f—csc2xcot2x*2dx
2

1
=—-csc2x+c
2

5) [ xsin(2x2) dx = if sin(2x2) * 4x dx
4

1
= _ZCOSZxZ +c

6) [ 2sinxcos x dx = 2 [(sinx) cos x dx

2
sSin~x .
=2 +c =sin?x + ¢

2

Definite integrals:-

Ji; ) dx

a is called the lower bound

b 1s called the cupper bound
properties of definite integrals:-

D[ fG) dx=0

Ex: 3 x3+3x2-2

dx =0

—73  cos3x

2) fbf(x) dx = —fbaf(x) dx

@ffodx = —Zf;xdx
3) [P ) dx = [ F(x) dx + [ f(x) dx

Ex: [*2xdx = [*2xdx + [ 2x dx
1 1 2
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4 [ kfe) dx =k [ f(x) dx
5 () £ g() dx = [ f@) dx [ g(x) dx
6) If () is even function then
[ f@) dx =2 [ f(x) dx

Ex: J-“ (x2 —5)dx = 2 [*(x2 — 5) dx
—4 0

7) If (f) 1s odd function then
a
J_fe)dx=0

4
f_42xdx= 0

Find the curve whose slope at the point (x,y) is 3x2 if it passes

through point (1,-1)

dv=3x2 = [dy = [3x2dx
dx

y=x3+c
—1=1+c=>c=-2

y=x3—-2

Find the curve whose slope at the point (x,y) is xVx2 — 1 and passes

through point (2,3)
y=[xVZ=Tdx=>y="[(x2—1)V2 2
2
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1
y=_-(x2-1)3%2+c¢
3

1
3=§(4—1)3/2 +c=>3=§(3)3/2 +c

c =1.268

Find the velocity of acceleration of a particle whose position function
1s

s(t) =

1

when t=2
t242t+1

Examples:

1) f1 (2x2—x3)dx=2x_3—ﬁ]1
1

3 4 ~1
2 1 -2 1 2 1. 2. 1 4
=( DG -D=c— o=
3 4 3 4 3 4 3 4 3
11 1 1 1 -1
2) T e — [ = —1]
f—3 x2 53 dx = sz] _3
1
A+ -cd+H =2
2 3 18 9

4dx 4 1 _ _ _ —

N == =2 50s — o (A - V1) = 2

4) [*(2 = x)%dx = [* 4 — 4x + x2dx
0 0

X 8, 8

—4x— 222+ [2=(8—8+") =

— 1 )=

3 3

Evaluate the following integrals:-

1) [ % dx = [ cos 2x * (sin2x)~3dx * -
sin32x 5

-2
__ 1 (sin 2x)
e E— +c
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Or [ cos2x y. _ fcost « L dx={[cot2x*csc?2xdx

sin32x sin 2x  sin?2x

1 (cot 2x)2
2 2

+c

—2
Or | cos 2X = [ cot2x * cSC 2x * cSC2x dx * __
sin32x —2

2
_1(csc2x) Lo Or 2\.1..4)53\ hﬂ)}:

~o 1]

2

Lety =sin2x = dy = cos2x * 2 dx

4y = cos 2x * dx
2

fc052xdx=fdy/2=1_fdl=1_ y—3dy

sin32x y3 27 43 2
1y—2 1 (sin 2x) 2
= 2y - + c = —Q-i— (6
2 =2 2 -2
cos x dx COS X _1

2) f\/l—sinx =/ (1—sinx)/2 [(1—sinx) zcosxdx

—in x)1/2
_ (1—sinx) s
1/2
3) [ A=t dx  EEEE _ VI,
V1+sinx V1+sinx
_i (1+4sin x)1/2
= [(1+sinx) z=xcosxdx =—15 t¢

4) [ cos33x dx = [ cos?3x.cos 3x dx
= [(1 — sin?3x) * cos 3x dx

= f cos3xdx — fsin23x cos 3x dx
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1 . .3
= _sin3x — 1sin"3x 4 .
3 3 3

Evaluate the following integration:

(Z+1)dz 1f2(Z + 1)(22 it
3F— =" 3
Ty 2 +2Z+2) 3dZ
2
(Z24272+42)3%

1
=—x——g—+c
2

3

2) fsidTif = fcsczgdé? [ csc26 = —cot @
3

0
_3f_§csc2§d9 = _3C0t§+c

sin?x _ Vsin®x
3) f f\/1+cosx dx

1+cos x

1
= — [ —sinx (1 +cosx) zdx

1

_ (1+cosx)2 +c
E
\/GOHG 1 2
4) [ ——dx = — [(cotx)2 x —csc x dx
3
_ (cot3x)2_ s
2

5) [ sin(tan 8)sec?6 db [sinxdx = —cosx + ¢

= —cos(tanf) + ¢ ifosiandle_*—cost

2 2
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6) [(tan 6 + cot6)2 db
= [(tan?0 + 2 tan 6 cot 6 + cot?6) db
= [tan?0 d0 + 2 [ dO + [ cot?6 db
= [(sec20 —1)dO +2 [ dO + [(csc20 — 1) db
=tan0 — 0 + 20 —cotf — 0 +
=tanf —cotf + ¢
cos 2x = cos(x + x) = cosx cosx — sinx sinx

COS 2X = C0S2x — Sin?x

1—cos 2x

2

cos2x = 1 — 2sin?x = sin?x =
sin2x = 2sinx cosx sin(x + x) = sinx cosx + cosx sinx

7) [ sin 2t (cos?t — sin?t) dt

= [ sin 2t cos 2t dt = 1_f 2(sin 2t) cos 2t dt
2

__ 1 (sin 2t)2
2 2

+cC

8) [ sinz gg = [1=c0s0 g
2 2

=1f(1—cos€)d9=1_fd9—1_fcost9d0
2 2 2

1
=_60 —1sinf + ¢
2 2
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9) f tan @

cos x\/1+sec x

1
[secxtanx (1 +secx) zdx

1
1+secx)2
=0 4o

2

10) f(\/a?+%;)dx=fx2—dx+fx_§d

+5T +c¢

N'W|>§J|w
N|H|>[§,|H

Q1: Evaluate the following integrals:-

1) [ cos?x (2 + sinx) dx = [ 2cos?x dx + [ cos?x sin x dx

1+cos 2x .

=[2 dx + [ cos?x sin x dx
1l cos32x

= x 4+ Lsin2x — - +c
2

2) [ sec32x tan 2x dx = - [ sec?2x  sec 2x * tan 2x * 2 dx
2

1 sec32x sec32x

+Cc= +cC

2 3

3) [sec2” (1 +tan? D) dx = [ sec? " dx + [ sec?”_tan?"_ dx
3 3 3

3 3
3
=3tan_ 4 393 4 o _ 3pani+tan3iyg
3 3 3 3
) —4
Hf dx :_f(2+3tanx) xsec?” dx 3%
cos* Z pA 4

4
2+3tan® 3
2( anz)
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2 x =3
— ‘o (2+3 tan,)

__2 xy "3
5 3 (—9(2+3tan5) +c

Q2: Find &=
dx
1) sin?xy+tany =x2—y = 2sinxy.cosxy.(xy +y) + sec?y.y' =2x —y
2xsin xy.cosxy .xy + 2ysinxycosxy + sec?y.y =2x —y

y (2xsin xy cos xy) + sec?y + 1 = 2x — 2ysin xy cos xy

N 2x—2y sin xy cos xy

y

"~ 2xsin xy cos xy+sec?y+1
2) sec3y + cot(xy) = x3 — y2 = 3sec?y.secytany.y
—csc2(xy)(xy” +y) = 3x2 = 2yy

= (3sec?y.secy.tany — xcsc2xy + 2y)y = ycscixy + 3x2

2 2
N ycsc xy—+3x
y

"~ 3sec3y.tan y—xcsc2xy+2y

Q3: Calculate lim (x*+2-6) tan(x~2)

x—2 (x—2)%
(x—2) (x+3) "2
— hm cos (x—2)
x—2 (x—2)?
— lim (x+3) sin(x—2) |- 1 = 2+3 —5=75
x—2 cos(x—2) x—2 cos(0) 1
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MATRICES AND DETERMINANTS
Cladaal) g il ghuadll

1) MATRICES <

Cigha 4 je ¢ pualial) g 48 pall dlae ) gl 48 Sae V) (e e sana o )matrix( 4 siad
e Qb J5 Ay 5 )columns( el s )rows(

[ 7 2] : This is called a 2*3 matrix because it has (2) rows
6 3 8
and (3) columns

Jm@)m( u\n_u;)m n(‘dJA).\jLG.\JAC\}L@)MJJLL;“ )Order(uM\u)A

Bl 22 )n(jujs...al\
[]0)4.\54:.1).40»\}3\ ))ahﬂ\j\(elﬁj\)]\}a;euuujwhgﬂ
(KAMgm@m;ﬁ‘ﬁdﬁ‘_ﬂy}‘%@Amm)&s;yhsgd\auﬂ\wﬁgzﬂw\o,o

DeBY) (e (et i L Ll Lede gl Y A dadl o) gl

) Double suffix notation ( zsd e %
DR il g Ya(O) s Y Jia zsall eyl alasiul r..:yuu Mhadl 4l paic dge jud b S
Ciall 8 (s el 3 gign ol lly 5 1 agunll Nt )3( S0 5 G il Il )2( 05
A ghuad) (e QA 3 gaall ¢ S
6 -5 1 -3

Ex:[ 2 -4 8 3 ] the order is (3 * 4)
—2 9 7 -1

924 = 3 433 = 7 Q22 = —4 and so on
a4 =-3 a3=8 a;; =6
(e Mghae i ok A C s I Bua A Cia Jledihiadl ja) et o) (Say o

= W 5 AY
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aj;  diz  ag3 b1 b1z
] L,[B]= [b21 b22]
b31 b3

[A]=]

az1 Az Aapzs

~ [A] 1s a 2*3 matrix and [B] is a 3*2 matrix
 Equal Matrices: %l cligiad

Two matrices are said to be equal if corresponding elements
throughout are equal. Therefore, the two matrices must be of the same
order.

) Addition And Subtraction( ligiad 7k 5 e 4
s gl XS 108 Yorder( A el e e Vol Ui ) cany (g 7o ol e oy (S
ad) 3 )adpdl 35 (AL jualial 7 o |

&IfA=[4 2 ] and B=| ]
5 7 6 3 5 4
1 2+8 349
~a+B=[513 978 g1q =D 10 12
8 12 10
AndB_A-[1—%4 8-2 9—3]:[—3 6 6
3-5 5-7 4-6 -2 -2 =2

-: )Multiplication of Matrices( cisiad oy ¢
Bgadl palic o (8 Qpay ; Gl dighadl Qpa |
Ex: 3 2 5 12 8 20

— * —

6 1 7 24 4 28
-G\U.\\L}ﬂ\ﬁy\d\hsadﬁ\@:\ﬂjwuyu&M}wuﬁhjwu_)mu
Sa Loyl iy ol 1) 5 AN &S ghadl G sha 230 = Y1 A ghadl Saee ) a0

O fad)

% [A]3*2 ’ [3]2*4

~ A * B is possible [ since (3*2)*(2*4)] the dimensions of the new

matrix will be 3*4
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B * A is not possible [since (2%4)*(3*2)]

i g o ghadl oy (Y Gl Byl gy Y
;g‘lﬂlﬁ G pall ¢l gl ol g (O staall @ pa (S ) T jlll 85 13 o
Yl i iad e ) gl alic 8 )1 i giad) e JY) il pealic o puat <
Dl pan dudla( ap( @l (s Adhias g
Yl igoad) (V) 3guadl alic 3 ) V1 i) (e ) o) peslic oyt <
Dl pen duala(an( @sdl b sunl ddad) 8l iy ol
syl dghadl palic pes Jai€S (o MGl il i <

4 7 6 8
Ex: A= | ], B=[5]
2 3 1 9

Ll A5 13 3¥1( b [B] siaall 5)2%3( (o [A ] dsinad) o) L
~ [A]*[B] = (2*3)*(3*1

A LA A

syoall Zatl B nd)

A pa s 48 hine iy Sy ¢ Al 48 hadl 4 Cogtiall 2 V14 gadl 4 saeY) e (54l dus
e DB 43 steme il dly 5 4 ¢ &l ¢ 2

)2¥](
w1 (BB + (7)) +(6)(9), _ 121
ATE] [(8)(2)+(3)(5)+(1)(9)] Y
1 5
CTAT— _8 4 3 1
Ex: [A] [23 Z],[B] [2 c 5 6]
[A*B]

BM+®E) GHMO+G)G) GM+G® (W) +(G)(6)
=[@®@)+N2) BOR)+G)(7) A2+ (B (1D(2)+ (7)(6)]
BB+ @2 BHB)+G)@ BB +MWE®) (MEB)+@)(6)

18 29 43 31

=[30 43 62 44]
32 32 41 27
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)Transpose Matrix( Usnd Giad) o0

5 I syl ey V) sl ) g1 Chgad) il Cighal) g Lo Highana 52 Y) gllge i 3 1Y
138 (o A0 S0l 28 hmadl ofi S I genl iy I il 5 D el sy S i)

DA( 2 45V 4 ghaad) CilS W)AT( a0 Wl e 5 )Transpose matrix( = dy sl

4 6 T 4 7 2
Ex:IfA=[7 9]thend = [6 9 5]
2 5
2 7 6 40 T
Ex: (HW)ifA = [3 1 5] and B = [3 7] then find: (A * B)
1 5
35 20
(ans. [ )
79 32

% Special matrices:
a) Square matrix: is a matrix of order m*m
gl 2 pe sue Yl e L gy Al A hadll b cAa jall 4
b) Diagonal matrix: is a square matrix with all elements zero except these

on the leading diagonal.

5 0 0
[0 2 0] isadiagonal matrix
0 0 7

¢) Unit matrix: is a diagonal matrix in which the elements on the leading

diagonal are all unity 1.e. :

1 0 0
[0 1 0] isaunitmatrix and denoted by 1
0 0 1

Note: A.l1=1.A=A

d) Null matrix: a null matrix is a matrix whose elements are all zero

00 0
[0 0 0]
00 0

» APPENDIX Trigonometric Function 46



Mathematic (1)

2) DETERMINANTS Cilaasall

With each square matrix A we associate a number called the determinant of [A]
(denoted by det. A or |a;|). The determinant of matrix is calculated from the

entries
(311, aia, ai3,.. ) of A.

eabie Jalai ol el 5 YAl ghonall sarma( oy o) 7 A o (e YA 4 sheaal) Jia( day o A ginaa IS o o
e 5y guary danall 138 2] A0LY e 48 play )ayp ) Ay ag( A8 stadl
Minors and cofactors 4% yay 2sall alayl (Say

¢ Minors and cofactors:

a) Minors: the minor of the element a;; [where (7) is the number of row, and
(j) 1s the number of column] is a matrix [A] in the determinant of the
matrix which remains after the row and the column containing the
element a;; are deleted.

Ja Gl paial yminor( e 2a Sl )A 4 hadl d.m( L ddgtinn palic o paie JX o
Coall aay ddiall 2nall |l aiall Gl sisg cpdll 3 gaad) 5 Cauall Cids S (e el (S )minor(
=il )minor( e

aj;r a2 Qg3 a1 a2 Qg3
Ex: I[f[A] = [@21 Q22 Az3]thendet A = |d21 G2 Qp3]
asi a4z dss asi1 4z dass

day yo gl i A gty pualially T )l 0L Sl (0 i ghead) i A
] Ao Jaghd Ll @ saaadll g o[ ]88

) . 11 g ) . Q22 QAys
The minor of a 1S :| 12 The minor of a 1is:
as3
a11 a a23
) . 12
The minor of a 18 ;| | 12 |a31 a33|

and so on.

b) Cofactors: the cofactor of ajj, is the determinant (Aj) that is (—1)*/ times
the minor of a;j :-
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Aij = (1)« minor of a;

)..a.hd\ i )Cofactor( G\L L'J_,m &5“ S (ra _palc )minor( u_“ )4_\;)4\ B UL»( BJL."Z:\ clac| o
-l dj.\;j\ ji ale! sacldll c.ui F MM\ Lé ).mla.n é}ﬁ ‘5\9 Adiad Y )aij 4] )A)J(

+ - +
J— + [— . .
l+ - + -
ayr a2 ags a1 a2 Qg3
Ex:if [A] =[@21 Q22 az3],thendetd = |@21 Q22 0a23
asz1 Qazy dsz asz1 Qs dss
a2 Qg3
» The minor of a3 =
31 |a22 a23|
301 o (212 Q13
The cofactorof a , A = (—1)3+1 « |
31 31 a22 a23
a;; agp
» The minor of ax =
23 |a31 a32|

a1 a2
= (-1« | |

The cofactor of ay; , Ay3 as; Qs

¢ We can find the value of the determinant by summing the (cofactors*entry)
of the entries of any one row or any one column, thus:-
S dganll g Coall Aol iy o 2500 (51 gl i (5 AR5l Ay yo A gima 5 20mall s dlnl (K
ostoal el gu) Jical g0 (an 8 S 5 i
Ay A2 43
Ex:det A = |21 Q2 Q3| Slia J gV Caall 2306 o
az; Qzz 04z

= aq1. 411 + a12. A12 + a43. A13

=a .(-1)t Az Aps 1+2 Q21 Q23
aqp. (—1 .
H |a32 a33| +a12 (a ) |a31 33
—1)+3, | 2L 22|
+ a13' ( ) . |
az; Qasp

- e Gl 3 gand) ) o 1) g o
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a1 Q2 Aag3
det A =1|a21 Gz Q3|
as1 dzp dss

a a a a
—a (DT B g (cyees T2
13 az; Qasp 23 az; Qs
a a
+a (=13 T
33 a21 a22

s gl gl asee o) sl 313 Jladl 1S

s+ EXPANDING AND EVALUATING A DETERMINANT:

» For a matrix with only one element, det [a] = a

N ai;p Qg2
» For a matrix with 2*2 | det | |=a .a —a .a
Ay, Qo 11 22 21 12

> For a matrix with 3*3
a1 a2 a3 a1 Qg
|@21 Q22 Q3| A1 A2
as1 Qs dasz dasp asp

= (a11- az;. az3) + (aq2- az3. azy) + (ag3. az1. asz) — (asy. azz. as3)

— (azz. azs. a11) — (azz. a1 asy)
il 13) ke Lgaladial §gms Y 5 3%3 Badsey Luald adaall peif i 4 yhall o34 3 daga Aliadla

L 3%3 e Sl 3aaall
+¢ For a matrix more than 3*3 we use the definition of (minor) and (cofactors).

& S cofactor( 5 Jminor( <abe axiiai o) Cind 3%3 G S| Ay jall 48 hiadl) clS 13

3aall )4_\3 ( s Jly )Cofactor(d\ e\.\ifw\ Y daasall Al

2 1 3
Ex: Evaluate A = |3 -1 -2| 3 h e U s Jlgud
2 3 1

:Js¥) chuall LS g )cofactor( s )minor( aliiul : Jg¥ qslud) )i

detA = a11.A11 + a12.A12 + Cl13.A13

» APPENDIX Trigonometric Function 49



Mathematic (1)

=2+ (=12 !

* |

@D e
3 1 2 1 2 3

=2(-1+6)—1+(3+4)+3(9+2) =236

G 3 gandl JLSAI g (cofactor) 9 )minor( ahdduds ; AN Gl Yo

det A = a13.A13 + a23.A23 + a33.A33

3 -1
=3 (=1)* | |+ (2)ED5 2 Lp oy —e 2 11=36
JCVI 2 Jrmenelz 1

3 #3 daaall Aualdl) 48 phal) aladcly ¢ GIAY G glu) )

2 1 3 2 1
3 -1 -2 3 -1]|=
2 3 12 3

=)D+ ME=2)2)+B3)BRB) = (2)(=D(3) = (3)(=2)(2)
- (MGM

=—-2—-4+4+27+6+12—-3 =36

1 1 -1
Ex: Find the value of (x)if :|x 1 2|=0
1 2 -1
¢ Expanding first row: .
1 2 x 2 X
1.(-1)2. _1)? |+ DEDAT =0
DR, D @Ch) .

= (-1-4) - (—x—-2)—(2x—-1) =0

—S54+x+2-2x+1=0—>Dx=-2
Or:
-1
2 |
-1

N R =

R R e

N R R
[l
o

1
|
1

=(1*1*-1 4+ 1*2*1 + -1*x*2) - (-1*1*14+1%2*2 +1*x*-1) =0
142 -2x41-44x =0 > x=-2
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s CRAMER’S RULE
Is a rule for solving a system of linear equations, like three equations with

three unknowns

If ai1. Xt apy+tazZ=by ..o (1)
ax1.X + ax.y +ax.Z =by (2)
az1.X +asz.y+azs.Z=bs . .. 3)

Then cramer’s rule gives:-

Dx Dy DZ
X=— , y=— ,6 Z=—
D D D
a1 A1z 413 by 412 Qi3
Where ; D = [d21 Q22 Q23| , D, = |by Q22 Q23
31 dzz 0asz b; az; dass
a1 by ags a1 Qi by
Dy=|az bz azs|, Dz=|an az by
azy bz ass azy as; bz

Ex: Find the values of x , y and Z by cramer’s rule for:

y—2=3
2x —2Z =2
2y+Z7Z =3

Sol: Re- arranged the equation as
0.x+1.y—1.Z=3
2.x+0.y—2.Z2=2
0.x+2.y+1.Z2=3

0 1 -1 3 1 -1
~D=1]2 0 =-2|=—-6, Di=|2 0 -=2|=zero
0 2 1 3 2 1
0 3 -1 0 1 3
Dy=12 2 =-2|=-12, Dz=1]2 0 2|=6
0 3 1 0 2 3
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D, O D, -—12 D, _ 6
-'-X=_=_=Oly=_=_=2
D -6 D —6

EX: solve the following system of equation by cramer’s rule;
t—-1D.x+ty=1

tx+(t—1).y=-1

p="1 -1 -r=e-2e41-t2=-2t+1
t t—1
D _
p.=|l t=t-l+t=2e-12>x=_"= at—1
-1 ot-1 D =-2t+1
=1
t—1 1 D,
Dy=| , _ l=—t+l-t=-2+l=y=—>5
2t +1
y:—zl
2t + 1
X 2 3

(H.W) Find the values of (x)if: |2 x + 3 6 |=0
3 4 X+ 6
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Transcendental functions

1) Logarithmic functions

a) Natural logarithmic functions:-

log,m = x then m = ex

where e is a real number (e = 2.718)
log.m = x

b) Common logarithmic functions:-

logiom =x

logiom = x thenm = 10~
shall always written as

s logiom =logm =x

c) General logarithmic functions:-

log,m =x then m=a*

Properties of logarithmic functions:-

. log(x.y) =logx +logy
. In(x.y) =Inx +1ny

. X
108; =logx —logy
. log (1) = —logx =logx!
X

5. logxt =b logx

log 32 =2log3
log sin?x = 2log sinx

log sin x2 # 2logsinx

6. log, x = nx where a # 1

Ina

7. log , _ Inx
10 In 10

8. logl=0
9. logsa =1

Graph of logarithmic function

In

» APPENDIX Trigonometric Function
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o W=
8 2) Al oS A8 | e x sl
g S il ] o1 i "/
¢ X == 1 € X
Differentiations of logarithmic functions
_ by _ 1, 1 de)
If y =log, u(x) then — = i
Integration of logarithmic functions:-
Su(x
J % = In|u(x)| + ¢
y
J== In|y| + ¢
y
dx
J—= In|x| + ¢
X
[ xdx 1 _ 2xdx | 2 |
= _ = _l
Eri-zl e flte
dx 1 dx
S =[x =In|lnx| +c
xInx I In x IInx]
) d
Find —:-
dx

1) y=Inx3 »y‘=i*3x2=i

x3 x

Ory=31nx=>y‘=3*£

X

1
_ x3—x)>D>v = 1 _
2) y = logs( )=y — o (3x — 1)

3) y =In(Insinx) =2y = ! %

In(sinx) sinx

* COSX

4) y = xcosx ) bl In A e () Leie(
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Iny =Inxwsx = Iny =cosx.lnx

1 1

—*)Y =COSX*—+4]nx*—sinx
y X

. cosx .
y = xcosx | — sinx In x|
X

3 x x— (x+1)2(x—3)5?1
5) Yy = (x3+1) cos x =y = (x3+1) cos x

(x+1)2(x—3)> 3
(x34+ 1) cosx

Iny =In|

1
Iny = g[ln(x + 1)2(x — 3)5 — In(x3 + 1) cos x]

1 1 1 1
Iny = 2In(x +1)? +3In(x - 3)s —3n(* +1) —glncosx

2 5 1 3 !
Iy ==In(x+1) +3.In(x—3) = ZI( + 1) — ZIncosx

2 1 5 1 1 3x2 1 1
_ +_ —_ __
3x+1 3x—3 3x34+1 3cosx

y .
— * —sin x
y

1

x 1
6) y = Vcosx =y = (cosx)x = Iny = In(cosx)x

1
Iny = —Incosx
ny="_
y 1 1 1
— =[x * —sinx +Incosx * ——]
Yy X COSX X
. 1 1 1
Y =eosx | ¥ _____*—sinx+Incosx *x —__]
X COSX

x2

Evaluate the following integrals:
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sinxdx _ _ 1 —3sinxde _ 1

D f3cosx+5 gf 3 cos x+5 §1n|3C05x+5| +cC
cosx dx 1 M

2) f Jsin x = f(SIHX) 2COSXx dx = 1 +c

2

3) fotEde _ pootxds o In5 [ ©** = In5In|Insinx| + ¢

Insinx
In5

logs sin x In sin x

4) fﬁdx=f2_xdx—f5_dx=2x—51n|x|+c
X X

X

d« = (Inx)-3 ! (Inx)~2
—dx =

S)IW ) +c

X -2

6 f “ =2f2‘x‘zl=21n|1+\/x|+c

V(1) 1+Vx

1
dx xsec?x dx

7) [ = [ tanx = In|Intanx| + ¢
tan x(In tan x)cos?x In(tan x)

Ex: Find the values of (x) if
2InVx—1+In(x+3) =In5
Solve: ln(\/le)z +In(x +3) =In5
In(x —1)(x+3)=In5
(x—1Dxx+3)=5
x24+2x—-3-5=0=>x24+2x—-8=0

(x—2)(x+4)=0 eitherx =20rx =—4

Exponential function:
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A) y = e~ is called the exponential function, where (e) is the exponential
number (e = 2.718)

Notice thatif y = e* thenlny = lne* = xlne = x
Inex = elnx = x
Properties of ( e¥)

1) ex1+x2 f— exllexz

2) e0 =1

—x — 1
3) e = e—x /8{\
4) Inex = > il
) Ine X " d)/,(
5) elnx = x v

hof st
Graph of y = e*

p y ’// /,/ "y
Diff of exp. Function \ / | 4

Ify = ef® then z—y = ef®™. £(x)
X

ool A * Lyl A ¢ In ulaY) = i

Integration of Exp. function

Since d(ex) = e*. dx
~ [exdx =ex+c

Or in general

du
fet(—)dx=ev+c
dx

Aol A1 g il Jll b 0 A g 1Y
Ex: [ esinx cosx dx = esinx + ¢
B) y = a* is called the exponential function to base (a) where a> 0, a# 1
Notice that if y = a* then y = exIna

Graph of y = a* - o:( e a7 1

Differentiation of y = a* N X
7 9= @ e 0Xag
b

a2
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Ify =a*wherea>0 a# 1

Then ‘C’lé;(af(x)) =lna* a/® * f(x)

Integration of y = a*

1

s af®) + ¢
Ina

[ f @) =

Ex: Simplify the following:-
1) e =D = x2 = 1 = (x — D(x + 1)
2) eln3+2In4 — pIn3+In4? — 5In3 4 ,In4% — 3 4 42 — 48

e3x

3)In_=1Ine3* —In5=3xlne—In5=3x—1In5

5

4) In(x2 * e 2x) = Inx2 +lne2* =Inx2 —2x = 2Inx — 2x

2 2
5) e2x—Inx — e _e*

eln x x

Ex: Solve the following (find x):
1) 3x =2x1 = n3* = In2**! = xIn3 =(x+ 1) In2

xIn3=xIn2+1n2

xIn3—xIn2=In2=x(In3—-1n2) =In2

3 In?2
xIn==In2=>x= —3
2 In*=

2

2) xx =2 forx >0
xInx =xIn2=>x(Inx —1n2) =0
“Inx—In2=0=Inx=I2=x=2
3) 4 =32 = In4>*=In3**2 = —xln4=(x+2)In3

—xIln4=xIn3+2In3
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In9

—x(In4+1In3)=2In3 = x=-—
x(In4 +1n 3) n X 17

4 In(x +Vxz —1) =1

x+Vxz—1=e¢t

Gkl ¢ b

V2 —1=e—x

Gl

x2—1=¢e?2—2ex + x?

e2+1
2e

2ex =e24+1=>x=

5) 3x+3=x=4 3x UJM\&)LQ)A

32 41 =4 * 3
32 —4%3xr4+1=0

4 +\1t6=12
2

3x

=>3r=24++3

xIn3 = In(2 £ V3)

_ In(2+v3)
B In 3

6) logs(x + 2) + logs(x —2) =1
logs(x +2)(x—2) =1
Sl=(x+2)(x—2)

x2—9=0=>x=43

Find &~
dx

1) y=esinx = y* = esinx, cosx
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2) y=2¢cx =y = 205X x[n2 * —cscx cotx

3) tany =ex +Inx
. .
sectyxy =e*+ _>y =......
b

4) y =2x3* = Iny = In(2*. 3%)
Iny =1n2x+1n 3%

Iny=xIn2+xIn3=x(In2+1n3)=xIn6

Y 6=y =2:3%1n6
y

5) 31+e’ — 23+4"

y dy_ x
31te’ xIn3*xevx _~ =23t x|n2 *x4x xln4
dx

- 3,x% . - 3,x? . 2 2 2
6) y =esin® =y =esin® x3sine* xcoser xeX *2x

7) Inyx = xy’sinx = In(Inyx) = y2sinxInx

1 1 : 1
o *y_x* (x.y' +y) =y? Slnx-;+1nx(2yy‘ sinx + y? cosx)

8) y = xsinx 4 x2  Auakia A pud cpal) iyl oSl 5 j2le il [ 1 K Y

— lnxsinx + 2
y e X
y = esinxInx 4 42

y = esinxlnx (ginx * _+ cosx.Inx) + 2x

oy = xsinx (sinx * _+ cosx.Inx) + 2x

R P x| -
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9) y = (x%+ 1)"3 + sin(x*) + x*
X3 X
y= e+ 4 sin(e"*) + x*

3 2 .
= eX In(x“+1) + Sln(exlnx) + x4

2x

3 2
V= X In(x“+1) x3 *
Y [ x2+1

+ In(x2 + 1) * 3x2]

1
+ cos(exnx) [exInx (x. _+ Inx)] + 4x3
X

10) y:tanxxzy:tanelnxx:tanexlnx

1
y = sec?(exInx) x exInx x (x. _+Inx)
X

Ex: Evaluate the following integrals:-

1) [(ex+2)dx = [exdx+2[dx=ex+2x+c

dx 1 . 6e%* dx 1 2
) (. =_(___—="_ *+1|+c
) f362x+1 67 3e2X+1 61n|3€ I

_ e+ 1)¥2
3) [enViT dx = [Vx+ T dx=—5—+c
/2
4) [3mn7x sec?7x dx = 3tan7x 4
71n3
5) [2r.cos2%dx = __[2¢*In2%cos2% dx = 4 gin2x + ¢
In 2 n
6) x%2cot(2+ x3)dx = _2cos(2+x3) L] ( N+ ¢
X ————dx =-Insin 2 +x
sin(2+x°) 3

7) [e**sec?(e?* + 1) dx = Ytan(e?* + 1) + ¢
2

2
8) [ iidy =Ll 4

9) fln(sinx) dx = f(ln sin X) cosx g _ l_(ln (sin x))Z +c
2

tan x sin x
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10) (x—1) dx 1| 2 |
fm—gln?)x —6x+5 +c¢
. sec3x+eSinx - sec3x . eSinx
11) J secx X _J SECXd.X:-l_J secxdx
= [ sec2x dx + [ esinx x cosx dx = tanx + esinx 4 ¢
2 2(In x)? ?
12) fe Zlnxdxz | =(lneZ)2_(ln1)2=(Zlne)2=4_0=4
1 X 2 1

.2 . .2 . .2
13)  [esin™ sin2xdx = [ es"™* x 2sinx cosx = esin¥ + ¢

V- _
14) J‘%dx = 2eV* + ¢

6 Inverse trigonometric functions
The inverse trigonometric functions are defined as follows

y=sin"1x = x =siny
y = cos™lx = x = cosy
y=tan"1x > x =tany
y = sec”lx => x = secy
y = cot~lx = x = coty
y =csc™lx = x =cscy
T

. 1 . 1 . T 1
Ex:Ifsinl_=x ~sinx=_ but sin_=_ = x=_
— 2 2 6 2 6

Inverse trigonometric identities:-
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D

. T
sin~lx 4+ cos~1x = _
2

2) sin~1(sin@) = 6

3) sin(sin—10) = 6

4) cos~1(—x) = m — cos~1(x)
5) sec1(x) = cos! (1_)

6) csc~1(x) = sin-1 (1_)

7) sec 1(—x) = m — sec 1(x)

Derivative inverse trigonometric function:-

1) d(sin~lu) = w
1—u?
2) d(cos—u) = — du
1—u?
3) d(tan—'u) = i
14+u?
4) d(cot—lu) = — du
1+4+u?
du
5) d(sec~u) =
) d( ) o
du
6) d(csc—u) = —
) d( ) —

Integration leading to inverse trigonometric functions

dx
Vi—x2
dx
1+ x2

S

=sin"lx + ¢

J

=tanlx + ¢

dx
— _=seclx+c

xVx? —1

X
P =sint O 4

= a
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Examples

A) Show that
1) sin—1(x) is an odd function

Lety = sin"1(—x) = —x = siny
—y =sin"lx >y = —sin~x
& sin~1(—x) = —sin~1(x) odd function
B) Evaluate cos(sin-10.8)

cosA = V1 —sin?A

cos(sin~10.8) = V1 — sin2(sin-10.8)

= /1 — sin(sin~10.8). sin(sin-10.8)

= V1 -(0.8)(0.8) = V1 — 0.64 = 0.6
© Find C;_y

1) y=sin1(x?) >y = 2

1—x

2) y=cot~1(xsinx) >y = —(xcosx+sinx)

1+(x sin x)2
3) sec~1(x\Vy) = sin-1 (L)
In x

_3.1

v —
oyt e
YV =T 3 7
1= (o)

4) sin-1(x¥) + (cos—ly)sin ' * = x2
sin‘l(eln xy) + eln(cos_ly)sm_lx = x2

Sin—l(eylnx) + esin_lxln(cos_ly) = x2
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eyinx (M +Inxy’)

N X
\/1 — (ey In x)Z
+ esin_lx In(cos™1y) [Sin‘lx 1 % Y
cos™ly /1 — y2
1
+ In(cos—1y) ] = 2x
1—x?
D) Evaluate the following integrals:-
d f=x
1) J».@éé = sin~! ;+ c note: [df = dx
a =
f=Ilnx
. d 1
2) | rhiminze = sin-1(Inx) + ¢ note: [df =-dx
X
a=1
x dx 1 ) 1 1V1=a2
2
3) f\/m:—z—f(l—x ) 2*—Zde:—2 1y, =—V1-x +c
in—1 0 —142
4 sin”'x dx _ (sin™") n
) f VI=x? 2 ¢
y [Tl T = ' tan—12% + ¢ Note: f52
f1+4x_fm n2 df =2 In2dx
a =
6) x2dx 1, 3x%dx = sin1(x3) +c Note: [ f=x
f\_/ﬁb“_§f\/1_x 3 df =3x dx
a =
=X
7) [_dx =1l _11¢tan-1(2)+¢ note fzdjc
34242 27 +x2 2 3 3 3
2 \/2 \/2 [a = -
2

(A+x)dx _ 1
DN bkl Preci i vy
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1 x 1
=_tan'_+_In|4+x2[+C

2 2 2
9) [ dx o dx i dx f =x+2
) [ s = X2thx+d—448 J (x+2)2+4 note:[ df = dx
a=2
1 1 x+2
= E tan ( 5 ) +c
10) [ dx :f dx :f dx
Véx—x2—8 V—(x2—6x+8) V—(x2—6x+9-9+8)
dx dx f=x-3
= = note: [ af = dx
V—[(x — 3)% — 1] V1 — (x — 3)2 a=1

=sin"(x —3) +c

. d
11) [ 3ade = sin-1(sinx) = x + ¢

3 3 4
(tan™'Vx) 2 f (tan™x) 2(tan™1Vx)
12 i — _— = + c
3x3—4x243 Lo . Il S 13 -adaa S
13) f 241 dx@fjl"*’}‘)"s\ ‘u-"\j‘*-}.)—ws | \;\.115\3\: e
X
'yj\f&d‘&cw‘&@eﬁew\ "
4
=[Gx-4+ G dx
1 3x — 4
=[3xdx—4fdx+4f Gz dx e reyen
3x3 + 3x
3x2 "
=——4x+ 4tan"1(x) + ¢ —4x
: —4x2 — 4
+4
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