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« Engineering Mechanics: is that branch of the physical sciences
study the behavior of bodies subjected to the action of forces.

« The aim: study the effects of the forces on bodies statics and
dynamics states, and also study the stresses and strain occurs due
to the loads.

* The subject of mechanics is divided into two parts:

1. Static: the study of objects in equilibrium (objects either at rest

or moving with constant velocity.

2. Dynamic: the study of objects with accelerated motion

F1

2

F1 F
./ Equilibrium State ré
l The body subjected to balanced

forces F1=F2=F3=F4
F3

F3

E Non-equilibrium State
The body subjected to balanced F2 F4
forces F1=F2=F3=F4
F3



Fundamental Concept
Basic Quantities. The following four quantities are used throughout

mechanics.

Particles: a particle has a mass but a size can

be neglect (the geometry of body is ignored). A ’, ‘Lf—"‘
particle is often represented by point in space.

Rigid body: a rigid body has a mass and a
size (shape) but it is assumed that any

changes in shape can be neglected

Length

is defined, one can then use it to define distances and geometric

Time

Time is conceived as a succession of events. Although the principles of
statics are time independent, this quantity plays an important role in the

study of dynamics.

Mass.

Mass is a measure of a quantity of matter that is used to compare the

action of one body with that of another. This property manifests itself as



a gravitational attraction between two bodies and provides a measure of

the resistance of matter to a change in velocity.
Force

force is considered as a “push” or “pull” exerted by one body on another.
This interaction can occur when there is direct contact between the
bodies, such as a person pushing on a wall, or it can occur through a

distance when the bodies are physically separated.

scalar: quantity is one which has only a magnitude, such as mass,

volume, etc.

Vector: quantity is one which involves both magnitude and direction so
that it can be represented by a directed line segment, such as force,

velocity and acceleration.

Basic units

a- International System units (SI)
1- Length (m)

2- Time (sec)

3- Mass (kg)



*Velocity (V) = distance change (length)/ time=m/s
* Acceleration (a) = change in velocity/time= (m/s)/s=m/s?
*Force = mass (m)* acceleration (a) =kg*m/s?= Newton(N)

1- Length — Foot (ft.).

2- Mass- (slug = (Ib. s2)/ft).
3- Time- Second (s).

4- Force- Pound (Ib).

Notes:

1 ft. = 0.3048m.

1 slug = 14.593 kg.
1 pound = 4.4482N.

Force polygon

Polygon Law of Forces If a number of forces acting on a point be
represented by the sides of a polygon taken in order then their resultant
Is obtained by the closing side of the polygon taken in opposite order.
The magnitude of the Resultant may be measured if drawn to scale or

may also be calculated
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Force Analysis

For analysis inclined forces we need:

1- Slope
2- Angle of slope

."-.‘

E. =F * cos0
E, = F * sinf

Example 1 / for the figure (1) shown, find Fx and Fy?

Ans.
E, = F x cos0

= 130 * cos 30° = 1125N

E, =F sin@
= 130*sin30°=65N

b
d
e —_— — — — FX
4
Fe=F+(g)
3
B=rx(5)
Fy ‘ P 30N
|
|
| N
|

1 -

Figure (1)



Example 2 / for the figure (2) shown, find Fx and Fy?
Ans. ¥ b

F, =200 (12) 184-6 N
= k — ol .
X 13

g JOON
. :
Fy=200*(§>=76-9N <
e s — — e

Figure (2)
Example 3 / for the figure (3) shown, find Fx and Fy?
Ans. M o e

&
E 130 1> 114-7N | ?
X i (1_7) = | = 130N
F, 200 ( # ) 94-1N |
= x| — ] = .

Y 17 '

X

Figure 3



Once these components are determined, they may be sketched along the x
and y axes with their proper sense of direction, and the resultant force can be
determined from vector addition, as shown in Fig. 2—17c. From this sketch, the

magnitude of FR is then found from the Pythagorean theorem; that is

(Fg), Fg

Fp = V(F)? + (Fp)? /
s

Also, the angle u, which specifies the (Fg),
direction of the resultant force, is

determined from trigonometry: )
.LI

i |{F,rg].,
) tan
HF.’E}'.

/ for the figure (3) shown, find Fx and Fy

Fx = —F cos a = —(800 N) cos 35°=-655 N

Fy = +F sin o= +(800 N) sin 35° = +459 N =
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Resultant of concurrent

Resultant: - is a single force has the same effect of the original forces on the
body. The resultant of two concurrent forces, ex. (F1&F2) can be determined
by means of the parallelogram law.

Figure 1

Tringle rule

special case of the parallelogram law, if the two vectors A and B are collinear,
i.e., both have the same line of action, the parallelogram law reduces to an
algebraic or scalar addition R = A + B.

R=A+8 R=B+A

I'miangle rule I'mangle mile

Figure 2



Cosine law:
C=vJA?+ B — 2AB cos ¢
Sine law:

A B - €
sina sinbh  since

Figure 3

Example 4 / for the figure (4) shown, use sine law to find value of 6, and
use cosine law to find value of C?

Ans. 20em.” %2 1000m
sin 70 sin O
100 20 70 =7
_ 20sin 70 (=?
SIDG=W=O'1879

0 = sin~! (0-1874) = 10-89°
a =180 — (70 + 10-89) = 99 - 11°

According to cosine law:

C=+1002 +20%2 —2%100%20+«C0S99-11
c=105-03cm

Example 5 / for the figure (5) shown, use sine law to find value of 6?

W=
v +>
52

e=?
3.5cm

Figure 5



I-'“‘n\ /" PROBLEM 2.5
:’:_-.f‘“ A stake is being pulled out of the ground by means of two ropes as shown.

/ Knowing that # = 30°, determine by trigonometry (a) the magnitude of the

/ force P so that the resultant force exerted on the stake is vertical. (b) the

comresponding magnitude of the resultant.

SOLUTION

(el

Using the triangle rule and the law of sines:

120N P
{a) . ==
sin30° sin25°
{b) 30°+ 4+ 25°=180r
J=180°-25%-30°
=125°
120N R

sin30°  sinl125°

P=1014N 4

R=1%66N 4




Determine the magnitude of the component force F in Fig. 2-13a and
the magnitude of the resultant force Fy if Fy 15 directed along the

posilive v axis.

) ibj ic)

SOLUTION

The parallelogram law of addition 1s shown in Fig. 2-13b, and the
triangle rule is shown in Fig. 2-13¢. The magnitudes of F, and F are the
two unknowns. They can be determined by applving the law of sines.

F X

sin 60" sin 45°
F=25h Ans

Fy _ b

sin 75"  sm45°
Fg=173 Amx



PROBLEM 2.10

Two forces are applied as shown to a hook support. Knowing that the
magnitude of P is 35 N, determine by trigonomeiry (a) the required angle
¢t if the resultant R of the two forces applied to the support is to be

horizontal, (b) the corresponding magnitude of R.

SOLUTION
S0
Using the tnangle rule and law of sines: P= 35?({'?\\
@ sing_sin Pl = (-8
SN 35N R
sin ¢ =0.60374
a=37.138° a=371" 4
(h) a+f+25° =180°
f=180°-25°-37.13¢°
=117.862°
35!
L R=T32N 4

sinl17.862°  sin25°




: PROBLEM 2.12

' A steel tank is to be positioned in an excavation. Knowing that
the magnitude of P 1s 500 |b, determine by trigonometry (a) the
required angle ¢ if the resultant R of the two forces applied at A
Is to be vertical, (k) the corresponding magnitude of R.

SOLUTION
R
Using the tnangle rule and the law of sines:
a) (ex +30°)+ 607+ A = 180°
B =180° - (e +30%) - 60°
J=90"-a
sin(°-a)  sinbl)’
451 5001
P o 47 400 NESAUSE

R 5000

- k=551 4
sin(42.598°+30°%)  sm60°

(B)




MR i
]

PROBLEM 2.43

LK i ———
| | Two cables are tied together at C and are loaded as shown.
) !‘ i J Deetermine the tension (a) in cable AC, (b in cable BC.
‘ A i H
LT inEn I
|
i -
.'._ﬂ'--
.I.IH._.‘...:I
SOLUTION
Free-Body Diagram
1 100
an g = — T L i el
960 - ]
fr =458 R8Y° li ;-.ﬁ F.F"B
tan ff = ol ; N !
960) i T, 5B T
A =22.620° l a
C [ w = (1600 ka¥T.81 v [s*)
=596 W = (5676 Wl
Force Triangle
Law of sines: 48,888 AL
Y Tor _ I5.696 kN
sin 22.620° sind8.8%8°  sinl0K.492"
15.6%% kM ioF, 442*
1
2T,z | o
15656 kN
{al Tp =——————{5in22.620%) Ty =037kN L |
=im 108 492°
15.654G kN
i i) =—— {sin 4% HHE") Tor=124T kN 4
sin [{I8 4872




Coplanar force system

forces that all lie in the same plane. to determine the resultant of several
coplanar forces, each force is first resolved into its x and y components, and
then using algebraic sum of the x and y components of all the forces.

A v

the positive directions of components along the x and y axes indicating with
symbolic arrows, we have:

T B !FHJ.I. = FE.I.' - 'Fll T F."-.l'
+ T ‘FR }1.' - Fh T Flr - -'L_.'-i-.-
So that: (Fgr), = XF,

(Fg), = XF,

the resultant force can be determined from the Pythagorean theorem:

Fo = V(Fp)! + (Fg) (Fg), | Fp

the angle 8, which specifies the direction of the resultant force, is determined
from trigonometry:



{FR }1.'
{FR}.I:

—1

@ = tan

Determine the x and y components of F,; and F, acting on the boom
shown in Fig.

=200s5in30°N = —100N = 100N «
200 cos 30°N = 173N = 173N

260 N(%) = 100N

240N = 240N —
—100N = 100NL

= Fiy + Fpy = 173 -100 = 73 N

10

Fy

Fi=200N

L

LY
\‘ u&
S
LY

i

F. = 260N

| Fy, = 200 cos 30° N

al
-

F,, = 200 sin 30° N

i mufﬁjh




EXAMPLE 236

The link in Fig. 2-19a 1s subjected to two forces F, and F.. Determine
the magnitude and direction of the resultant force.

SOLUTION |

Scalar Notation. First we resolve each force into its ¥ and y
components, Fig. 2-19b, then we sum these components algebraically,

S (B, = 3E;  (Fy), = 60 cos 30° N — 400 sin 45° N

= 163N — |}

H1(R, = EF; (Fg), = 600sin 3PN + 400 cos 45°N
= 5828 N1

The resultant force, shown in Fig. 2-19c, has a magnifude of

F, = VIB6SNS + (5828 NP
= H9N A

From the vector addition,

_I(sazﬁn

s h) = §70° Ans

(B)

11



=  PROBLEM 2.36

[ B ERRTTTT

|-' LTI

Ervwmg that the fenssom in ope AC i 365 &, determing ihe
resultant of the three forces exerbed af poas] O ol post B

SOLUTION

Determme foroe compuments:;

Cabde fore AC;

SN Foree:

xRN Force:

Further:

U]

'I:.I. = —iﬂﬁ_‘. r'i_l—: —uu :"ll
146l

F =—{365 H]L.!ﬂ: -275 N
L6l

T

24
F_ = (S0 N = AN
x5

F =|15|IH'~I_|al=HUI"«I
P

i
F, =I:2[H:|HJ?=|H:||"|

3
F, =—{3H Er;:—llﬂl‘-«l

R =EF =-HON+480N + 160N =400 N
R =EF =-2TSN+ 40N -1 MN=-255N

H=.||ﬂf+.i'j‘

=.,fr4|xr N)? +(—255 Ny
47437 N

M
g L
e 7‘_,_...:"""#' )
o
P b R

. '
E-I'—-i?ﬁ‘jﬂ:flj -

R=d7a N =] 325° o

12
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moment

force can tend to rotate a body about an axis. The axis may be any line which
neither intersects nor is parallel to the line of action of the force. This
rotational tendency is known as the moment M of the force.

The figure shows a two-dimensional body acted on by a force F in its plane.
The magnitude of the moment or tendency of the force to rotate the body
about the axis O-O perpendicular to the plane of the body is proportional both
to the magnitude of the force and to the moment arm d, which is the
perpendicular distance from the axis to the line of action of the force, the
magnitude of the moment is defined as:

M =F xd (N-m)
M= moment
F= force that cause body to rotate (N).

d= the arm of the moment which represent the perpendicular distance
between the line of action of the force and the point of rotating (m).

direction: Moment directions may be accounted for by using a stated sign
convention, such as a plus sign (+) for counterclockwise moments and a minus
sign (-) for clockwise moments, or vice versa.



Sample Problem 2/5

Calculate the magnitude of the moment about the base point O of the 600-N

sol.

Case 1/

The moment arm to the 600-N force is:
d = 4cos40 + 2cos50 = 4.349m
M=FXxd
= 600 x4 -349 = 2609.851 N - m
Case 2/

analyze the force to its rectangular components at A:

Fy = 600 COS 40° = 459.626 N
Fy = 600 Sin 40° = 385.672 N

The total moment becomes:
My = M; + M,
M; = F, xd = 459.626 x4 = 18385
M; = E, xd = 385.672 2 =771-34
My =1838-5+771-34 = 2609.844N - m

2/33 In steadily turning the water pump, a person exerts
the 120-N force on the handle as shown. Determine
the moment of this force about point O.

4_——_ - ,f
~_ FrlmN Y -«s
1 =
% . .




2/38 As a trailer is towed in the forward direction, the
foree F = 500 N is applied as shown to the ball of the
trailer hitch. Determine the moment of this force
about point 0.

sol.
Fy =500 sin 30° = 250N
Fy =500c0s30°=433-2N

38
Ml_ Fx*d—ZSO*m—95Nm

275
M; = E, xd =433 -2 * =119-13N-m

1000

MT=M1+M2
My =9-5+4+119-13=128:-63N-m

HW

2/30 Determine the moment of the 800-N force abi
point A and about peint O.
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couple

The moment produced by two equal, opposite, and noncollinear forces is
called a couple.

Consider the action of two equal and opposite forces F and -F a distance d
apart, as shown in Fig. These two forces cannot be combined into a single force
because their sum in every direction is zero. Their only effect is to produce a
tendency of rotation. The combined moment of the two forces about an axis
normal to their plane and passing through any point such as O in their plane is
the couple M. This couple has a magnitude:

M=Fia+d) — Fa

Equivalent couple

the moment of the couple is not affected if the forces are act with different
values and parallel lines action. The Figure shows four different configurations
of the same couple M. In each of the four cases, the couples are equivalent
and are described by the same free vector which represents the identical
tendencies to rotate the bodies.

- M M
Ci‘j 22 :;1‘:5 {'j:'}
<2 F | |
= = . =
-F d d
F -F
M=F-d M = 2F g



Force-couple system

Any force F acting on a rigid body can be moved to a point as a force with
same magnitude and moment of couple about that point.

Example

The rigid structural member is subjected to a couple consisting of the two
100-N forces. Replace this couple by an equivalent couple consisting of the two
forces P and —P, each of which has a magnitude of 400 N. Determine the proper

angle d.

Solution. The original couple is counterclockwise when the plane of the forces
is viewed from above, and its magnitude is

[M = Fd] M =100(0.1) = I0N'm

The forces P and —P produce a counterclockwise couple

M = 400(0.040) cos #

Equating the two expressions gives P=400N
f
10 = (400)(0.040) cos # | %mm
|
-110 S —
0 = cos™! {5 = 51.3 Ans. 9/4
P=400N

Helpful Hint

(1) Since the two equal couples are parallel free vectors, the only dimensions
which are relevant are those which give the perpendicular distances between
the forces of the couples.



Sample Problem 2/8 400 N

Replace the horizontal 400-N force acting on the lever by an equivalent sys-

tem consisting of a force at O and a eouple. m
ﬁﬂu
400N 400 N o
A

]
il

400N 400N 400
69.3 N-m

Solution. We apply two equal and opposite 400-N forces at O and identify the
counterclockwise couple

M = Fd) M = 400(0.200 sin 60°) = 69.3 N'm Ans.

Thus, the original force is equivalent to the 400-N force at @ and the 69.3-N-m
couple as shown in the third of the three equivalent figures.

example/

The top view of a revolving entrance door is shown.
Two persons simultaneously approach the door and
exert force of equal magnitudes as shown. If the re-
sulting moment about the door pivot axis at O is 25
N-m, determine the force magnitude F.

M, = =Fd
RS = 2 Fleos 15*)(0:8)
F = 1618 N




A force F of magnitude 50 N is exerted on the auto-
mobile parking-brake lever at the position x = 250
mm. Replace the force by an equivalent force—couple
system at the pivot point 0.

Solution

GZM, = 5O ces 20° [o.l tas 25° 40.25 Caus \0‘]

+ 50 sw 29 [2.1 sin 25° 4 6.25 5in 104)
= 17.29 Nem

Foree - Ca vple Shﬁ*«v\ ot % BN

{R‘SON \n_o°

MO - ‘1029 N‘Vd\ {\




HW

]
The caster unit is subjected to the pair of 400-N LN
forces shown. Determine the moment associated
with these forces.

400N
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The resultant of a system of forces

The resultant of a system of forces are the simplest force combination which can replace
the original forces without altering the external effect on the rigid body to which the
forces are applied.

The most common type of force system occurs when the forces all act in a single plane,
say, the x-y plane, as illustrated by the system of three forces F1, F2, and F3 in Fig. a. We
obtain the magnitude and direction of the resultant force R by forming the force polygon
shown in part b of the fig. b.

ik | :

Fyo Tl

.._ ..T'_I

- — 4 |
e . ! o
: 2 iR Fy, :

fo
J"#“-R
-
5

S " 2
! | .
Pl |
| E‘_.—" W Z-" H
¥ o . | oy MLt At | .
1 o | e %, |
"\-H ————— - g Y R Ety S e I T
e <. ) AR B,
=, H‘!__,.--'__.- I X
== Ay |- - K. _—
— __1".___.'{\\‘& 1
¥ ik
P
#7 T

R=F,+F,+Fy+ -+ =3F
R,=%F, R,=%IF, R=/GF)\+QF,)

H=tan'1ﬂ= 1::.-'1_1‘1'IE
R,

IF,
R = F
M, = M = 5(Fd)
Rd = M,

Free Body Diagram

To apply the equation of equilibrium, we must account for all the known and unknown

forces (F) which act on the particle. The best way to do this is to think of the particle as

isolated and “free” from its surroundings. A drawing that shows the particle with all the
forces that act on it is called a free-body diagram (FBD).

2



Procedure

» analysis all inclined forces in x and y directions.

» if the forces parallel in X-axis find Rx=ZFx.

» if the forces parallel in y-axis find Ry=2Fy.

» Find R= Rx2 + Ry2.

» Find O=tan™* Ry/Rx.

» Find location of resultant according to specific point R.d= ZF*d.
Problem 1

Determine the resultant of the four forces and one couple which act on the plate
shown.

Y
g |
GO f = - bm i
o h T |
Solution 1 \ ”'1—'* e |
15 '
Point O is selected as a convenient reference point for N "I’" = 1o N
L I =
the force—couple system which is to represent the _I_:_ i
. I : 4
iven system 2
& 4 10N R T
lmj
[R, = 3F,] R, = 40 + 80 cos 30° — 60 cos 45° = 66.9 N 4
Ra 1483 N
[R, = IF, R, = 50 + 80 sin 30° + 60 cos 45° = 132.4 N :
_ BIipZ _ T e fat l/d
[R=/RZ+R7  R=6697+ (13247 =1483N 1= o 1Y S0 =62
|r:1=1:=am-lﬂ g = tan—1 1324 _ g3 9 e CIE'_J'_i
R, 66.9 ' !
) [M,, = Z(Fd)] M, = 140 — 50(5) + 60 cos 45°(4) — 60 sin 45°(7)
= —237N'm R=1483N
The force-couple system consisting of R and M, is shown in Fig. . () L600m /| 632°
: ZHR .
We now determine the final line of action of R such that R alone represents i nl
ok :._J -
the original system. L 9 Pyp
[Rd = |M]] 148.3d =237 d =1600m



Problem 2

Determine and locate the resultant R of the two forces and one couple acting on the I-
beam 5N

fee B l

Solution rm

5 kN
R=%EF=58=-3 kN | B
ARlx=Mg ¢ 3= - 5@) R Zﬁkﬂ-mj
- -25 + &4 e e
%= 433 | = T O =
—= = S kN

Problem 3

A commercial airliner with four jet engines, each producing 90 kN of forward thrust, is in
a steady, level cruise when engine number 3 suddenly fails. Determine and locate the
resultant of the three remaining engine thrust vectors. Treat this as a two dimensional

problem.
1080 fely
“N‘ﬁ 270 KN
- / .
1%
|

R= 3(1) = 270kn =)
M= 12030 = 1080 kN m

Mo _ |0%0
d= R = 27
= Hm




Problem 4

If the resultant of the two forces and couple M passes through point O, determine M.

My,=0 so
4M - 400 (0450 cos 30°) — 320 (0.30{;) =0
M= |4%0 N'wm

Problem 5

Two integral pulleys are subjected to the belt tensions shown. If the resultant R of these
forces passes through the center O, determine T and the magnitude of R and the
counterclockwise angle 0 it makes with the X-axis.

= 0o.lm
GO N '
200 N {r, = 0.2m

+) M,=0: R00 (0.?.)- \50(0.'2)- |(>0(0.|) +Q). l)r'—'o
T =N
Ra= ZFy = 2004 150 = (160 +40) Cas 30*= 1545 N

R3=EF = (\kb+3u)sin R = 16 N
R = ka‘okf = 1937 N
e = tan (RY/ry) = 34u°




Problem 6

The flanged steel cantilever beam with riveted bracket is subjected to the couple and
two forces shown, and their effect on the design of the attachment at A must be
determined. Replace the two forces and couple by an equivalent couple .M and

resultant force R at A.

2kN
1.5 m
A W
/
- = 1.2 kN
‘%.—_\—-_ ;_Y‘:ZSKV\:}D
ree vod agry
& Y Diagram ? 2 kN
Fa
\+5m S5 i
* = ”L_o..- -=p 2¢eSF0
3:— = J "5 B
A - . e S
s wie Bt
)
\«2kw
Ry= ZF, = R cos 70" + 1.2(F)= 1644 kN
Ry = XFy = 2sin 70" - 1.2 (%)= 1159 kN

My =-2cas™’ (0.18) + 2sin 0’ (1.5 + 0.5)
112(%)(s.15) - 12(2)(15) - 0.5
= 222 kN'm  CCW

6



Problem 7

The gear and attached V-belt pulley are turning counterclockwise and are
subjected to the tooth load of 1600 N and the 800-N and 450-N tens ions in
the V-belt. Represent the action of these three forces by a resultant force R
at O and a couple of magnitude M. Is the unit slowing down or speeding up?

REZE= (800 + 450)0515°~/600 3im (30" 20)
2207~ 27829296 N

£ [5"‘ 1600 cos/0°
+/800-960)5/n/5°
S/576 1+ 90.6= /666 N

M=2u D)‘ M = 1600 co 5 20°(0,150) + (450~806)0. 280
T 2255 = 98.0 /27,5 N'm CCw
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Equilibrium: - When the force and the couple are both equal to zero, the
external forces form a system equivalent to zero, and the rigid body is said to
be in equilibrium. we defined equilibrium as the condition in which the result
ant of all forces and moments acting on a body is zero.

Equations of equilibrium in two dimensions

£F,=0 IF,=0 EIM,=0

MODELING THE ACTION OF FORCES IN TWO-DIMENSIOMNAL AMAILYSIS
Type of Contact and Foree Onipin Action on Body to Be Isolated

1. Flexible cable, belt,

Weight of cable e a flexible cable is

T always a tenzion away

- A
negligible i'___- ]kn
sl from the body in the
Weaght of cable _51_'_;_- sl direction of the cable.
not neghpible *_ 7

e

2. Smooth surfaces
Contact foree 1=
compressive and is
normal fo the surface.

3. Rough surfaces Rough surfaces are

capable of supporting

e g
S,
e
T
= T
Jv>/
F
r.'h"h a tangential
i = compo-nent &
R Fy = {frictional force) as
et
N
N |
A?
N N%-:/

well as a normal
4. Roller support | |

companent
EE‘..;" if:-‘-.:,.-:

N of the reaultant
Roller. rocker, or ball
5. Freely shding guide

support transmits a
compressive force
normal to the
supporting surface.

Collar or shder free to
move along smooth
puides; can support
force normal to guide
only,

H={ @




MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont. |

Type of Contact and Force Ongin

6. Pin connection

Action on Body to Be Isolated
Pin free to turn A freely hinged pin
connection 1s capable

of supporting a force
in any direction m the
plare normas] to the
pin axis. We may
etther show two
components i, and
R, or a magnitude &
and direction & A pin
not free to turn also
supports a couple M.

1. Built-in or fixed support
A

LA
—

“~Weld

A A built-in or fixed
support is capable of
supporting an axial
force F, a transverse
force V (shear force),
and a couple M
v (bending moment) to
prevent rotation.

8. Gravitational attraction

D
]

The resultant of
gravitational
attraction on all
(e} elements of a body of
mass m 15 the weight
W = mg and acts
toward the center of
the earth through the

center mass (7.

4. Spring action
e Monlinear

Linear

Neutral F F
P”E'h'm | l [I.EIdETII'I!‘I.F[

Amng
- —x

F=kx

‘F‘"—il'-

Spring force is tensile
if spring 1s stretched
and compressive 1f
compressed. For a
linearly elastic spring
the stiffness & 1s the
force required to
deform the spring a
unit distance.

Y-




Example 1/

The frame shown supports part of the roof of a small building. Knowing that
the tension in the cable is 150 kN, determine the reaction at the fixed end E.

i
N Iy kN 20 BN 20 kM
A A S

T e T

£

B
:

["'-'11.. r

3

4.5 m

MIKN 20 kN 20 kN 20 kN
| | |

|I.E m E8m 1L.Bm 18

E o=

4.5 m
E, 150 ki

Fig. 1 Free-body diagram of frame.

ANALYSIS:

Equilibrium Equations. First note that

DF = y/(45 m)y + (6 m)° =7.5m

Then, yvou can write the three equilibrium equations and solve for the
reactions at E.

Lrr =0 E,—!—%]S[H:N}=ﬂ

E, = —90.0 kN E, = 90.0 kN —
+EF, = 0 E, — 420 kN) — —°(150 kN) = 0

E, = +200 kN E, = 200 kN |

+HEM, = O: (20 ENM7.2 m) + (20 KNNW5.4 m) + (20 kKN N3.6 m)

(2O KNKW1.8 m) — %{lﬁﬂ KNW4.5m) + Mg=0

M, = +180.0 kN-m M, = I180.0 kN-m ¢3



example 2/

Calculate the tension T in the cable which supports the 1000 Ib load with the pulley
arrangement shown. Each pulley is free to rotate about its bearing, and the weights of
all parts are small compared with the load. Find the magnitude of the total force on the

bearing of pulley C.
T ;
6330" r:‘éjq'
- 'FJ.
’ Ty

Gl f 81 N

[EM();O] Tll"'TZI':O T1=T2
(SF,=0] T,+T,-50008)=0 2T,=500080) T,=T,=2450N

From the example of pulley A we may write the equilibrium of forces on pulley B
hy inspection as

Ty =T, =T,2=1226N

For pulley C the angle # = 30° in no way affects the moment of T' about the cen-
ter of the pulley, so that moment equilibrium requires

T=T; or T=1226N Ans.

Faquilibrium of the pulley in the x- and y-directions requires

[EF, = 0] 1226 cos 30° - F, = 0 F.=1062N
[F, = 0] F,+1226sin30° - 1226=0 F,=613N
[F=JF*+F?  F=/(1062)* + (613)* = 1226 N Ans.




example 3/

Problem 3 The uniform 100-kg I-beam is supported initially by its end roller s on the
horizontal surface at A and B. By mean s of the cable at C it is desired to elevate end B
to a position 3 m above end A. Determine the required tension P, the reaction at A, and
the angle 8 made by the beam with the horizontal in the elevated position

6 m Ch 2m

Moment equilibrium about A eliminates force K and gives
[EM, = 0] PiGcozsd) — 9814 cosd) =0 P=654 N
Equilibrium of vertical forces requires
[EFI={]] 654+ R—981 =10 R=32TN

The angle # depends only on the specified geometry and is
sin # = 3/8 6 — 22.0°



example 4/

Determine the magnitude T of the tension in the supporting cable and the
magnitude of the force on the pin at A for the jib crane shown. The beam AB
is a standard 0.5-m I-beam with a mass of 95 kg per meter of length.

M‘M%
r I 7
—= —0.12 m lom A_w 4.66 kN 4’
10 kN
10 kN Free-body diagram
hm
IEM, = 0] (T cos 25°)0.25 + (T &in 25°)(5 — 0.12)

— 106 —-15-012) — 466(25-012)=0
from which T =19.61 kN Ans.

Equating the sums of forces in the x- and y-directions to zero gives

|ILF, = 0] A, —1961cos25°=10 A, =17.77TkN
1ZF, = 0] A +1961sin25" - 466 —-10=10 ‘-'LH = 6.3TkN

[A=JAP+A7 A= JQ777) + (6.37)° = 18.88 kN Ans.



example 5/

The 450-kg uniform I-beam supports the load shown.
Determine the reactions at the supports.

I-r—E.E In_a-l--—ﬂ.-'-i-m—--l

A d'- T .l.,: B

Solution
450(9.81) N Y
|
4 m l|n(: ;' 2.4;:\3 +L} -
O . 8
Ax AR G
h Tﬁj l Taﬂ
220(1.81) N

From EF‘X = 0) Ay =0
M, =0+ —450(381)4 - 220 (1.81)(5.6)
+By(8)=0o | By= I7R0N
ZF =01 Ay - 450(1.81)-220(1.81) +3720 = 0
Ay = 2350 N




example 6/

The mass center G of the 1400-kg rear-engine car is located as shown
in the figure. Determine the normal force under each tire when the
car is in equilibrium. State any assumptions.

< 386 | o4 e
re! Bt
mm mm

AEF=0 1 2Ng + 2N, - |400(1.81) = 0
A EMg =01 - 1400(1.81) (138¢)+ 2Ny (1386t Te4)=0
Solution = [ N. = 2820 N
{Nr = 4050 N
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Friction: - represent as a tangential force between the contacting surface
which always effect in opposite to the direction of sliding (motion) or sliding
tendency. Place a block of weight W on a horizontal plane surface (Fig. a). The
forces acting on the block are its weight W and the reaction of the surface.
Because the weight has no horizontal component, the reaction of the surface
also has no horizontal component; the reaction is therefore normal to the
surface and is represented by N in Fig. a. Now suppose that you apply a
horizontal force P to the block (Fig. b). If P is small, the block does not move;
some other horizontal force must therefore exist, which balances P. This other
force is the static-friction force F, which is actually the resultant of a great
number of forces acting over the entire surface of contact between the block
and the plane.

Assume that the contacting surfaces have some roughness.
Static friction o =pdY

where s is a constant called the coefficient of static friction
Kinetic friction Fo=uN

where py is a constant called the coefficient of kinetic friction.

Angle of static friction 5 ;
tang, = \:' = '["\:

lan @, = u,



Examplel/

Determine the maximum angle © which the adjustable incline may have with
the horizontal before the block of mass m begins to slip. The coefficient of
static friction between the block and the inclined surface is ps

= !
¥ --'.',.lf .
—5 F \-""

Sol.

Equilibrium in the x- and y-directions requires
2F,=0 mg sinf - F =0 F =mg sin 0
ZF,~0 -mgcosB+N=0 N-=mgcos0
F/N =tan 6

F=Fpax=u: N

Us = tan By or Omax = tan ' p,,



Example2/

The movable bracket shown may be placed at any height on the 3-in.-
diameter pipe. If the coefficient of static friction between the pipe and
bracket is 0.25, determine the minimum distance x at which the load W can
be supported. Neglect the weight of the bracket.

o

Fy=paN,=025N,
Fp=pNg=0.25 Ny

ANALYSIS:

Equilibrium Equations.

hurt S I Ny—N,=0
Ng= Ny

+ 1ZF, = Fo+ Fg—W=0

025N, + 025Nz = W
Because Ny is equal to N,

050N, = W
Ny =2W

+OIMz=0: Nu6in) = Fy3in) — Wix—1.5in) =0
6N, — 3(0.25N,) — Wx+ 1.5SW =0
B2W) — 0.7502W) — We+ 1.5W =0

Dividing through by W and solving for x, you have



Example3/

Determine the range of values which the mass m, may have so that the 100-
kg block shown in the figure will neither start moving up the plane nor slip
down the plane. The coefficient of static friction for the contact surfaces is
0.30.

Sol.

Case | Case 11

bounded m, values = block start moving 2 F = JuSN
[>F,=0] N-100gcos20=0, N=922N

Case |: max m,, start moving up, friction downward
> E=0| mg-xN-100gsin20=0, m, =62.4 kg
Case Il: min m_, start moving down, friction upward
[>F =0] mg+uN-100gsin20=0, m, =6.0 kg

5 6.0<m <624kg and F<F_ =277 N up/downward



Example 4/

Determine the magnitude and direction of the friction force acting on the
100-kg block shown if, first, P = 500 N and, second, P = 100 N. The coefficient
of static friction is 0.20, and the coefficient of kinetic friction is 0.17. The
forces are applied with the block initially at rest.

Sol.

P = 500 N: assume the block tends to move up -2 friction downward
[YF =0] N-500sin20-100gcos20=0, N=1092.85 N

max supportable friction = g N=218.6 N

[YF,=0] 500c0s20-F-100gsin20=0, F=1343 N<uN

. the assumption is valid

P =100 N: assume the block tends to slide down -2 friction upward
[3°F,=0] N-100sin20-100gcos20 =0, N=956.04 N

max supportable friction = g N=191.2I N

[DF,=0] F+100c0s20-100gsin20=0, F=241.55N> uN

2. the assumption 1s mnvahd, block 1s moving downward

kinetic friction upward = g N =162.5 N



Example 5/

The 700-N force is applied to the 100-kg block, which is stationary before
the force is applied. Determine the magnitude and direction of the friction
force F exerted by the horizontal surface on the block.

P=T700N

100 kg //

v
n, =080 | Z

u, =060/

\

Sol.

> F,=0: T00ces30°-F=o F = 60¢ N
TFy=0: N= 98] + Toosin30*=0, N= ¢31 N
Frnay = AN = 0.8 (631) = 505 N < F= 606 N
Assumption invalid | motin occurs,

F= N = 06(631)= 319N



Example 6/

The two blocks are placed on the incline with the cab le taut. Determine the
force P required to initiate motion of the 15-kg block if P is applied down the
incline.

Solution

/ Msz = 0. 42
~—2°
X
From ZF‘&,:O,
N,= 737N
| N, = 212 N
P, Ny - ('\hmushou'l’)
N,/ YIS(RRI)N
Zify =00
- T+ 8(28)smRo"+ pg N, =0 }
= Ay N, =P, N, +15(38)) sin 20° + P =0

Sofution : T=5¢6N, T=490N




f =125

1.2} \Hl fi, =t PHU‘ELEM B-‘I

Determine whether the block shown 18 in equilibrium and find the magnitude and

p o direction of the friction force when @=25" and P=750 N.
X
H .

¢ g

M,

e

SOLUTION
Assume equilibrium;
o EF =0: F+(1200 Njsin 257 = (750 N)cos 25° =0
F=4]726N F=1726N",
+/ EF =0: N-(1200 N)cos 25" —(750 N)sin 25° =0

N=14d45N

Maximum friction force: ~ F, =pu N =0.35(14045N)=491.6 N

Since F < F_, block is in equilibrium 4

Friction force: F=1726 N25.0° 4




y PROBLEM 8.6

Knowing that the coefficient of friction between the 25-kg block and the
_ incline is ¢, =0.23, determine (a) the smallest value of P required to start the
Ble S / block moving up the incline, (b) the corresponding value of /.

SOLUTION
FBD block (Impending motion up)
W =mg
=(25 ke)(9.81 m/s*)
=24525N
JI"_._ - m“'l M,
=tan " (0.25)
=14.04°

(@) (Note: For minimum P, P LR s0 f=¢ )
Then

P=Wsin(30°+¢,)
=(245.25 N)sin 44.04°

P =1705N 4

() Wehave f=¢ f=1404" 4

10




PROBLEM 8.12

The X-1b block A and the 30-Ib block B are supporied by an inclineg
that i% held in the position shown, Knowing thai the coefficieni of static
friction is (15 between all surfaces of contact, determine the value of
& for which meotion is impending.

SOLUTION

Since motion impends, F = g N at all surfaces.

Free body: Block A

Free body: Block B

Eg. {1} subiracted by Eq. (2);

Impending motion:
if =0 N, =20c0séd
“LXF =0 T-20sinf- g N =0
T =2sind + 015 2Woos &)

T =Misind +3cos & (13

Impending motion:
+ LF, =0: N,-3cos@-N;=0
N, =30cosd + 20cos & =30cos &
Fy=pu N, =015 cos &) = breos &
“LEF =0: T-30sin8+uN +uN,=0
I =30sin & =015 20cos &) — 01 5030 cos &)
T =350 #—Jcos F-T Scos (21

Mizin & +Jcosd —30<in &4 Ieoef 4+ T 5058 =0

13.5°

13 5cos 8 =10zin#¥, tanf= #=535" 4

11




Al-Furat Al-Awsat Technical University
Najaf Technical Institute
Aeronautic Technical Department
Subject
Engineering Mechanics

1st stage

Lecture-11-12

Center of Gravity (simple area)
& (composite area)

Asst Lect. Hayder Salim



Center of Gravity (simple area)

The Centre of gravity of a body is defined as the point where the whole weight of the body

is supposed to act. A body supported at its center of gravity remains balanced and it is in
mechanical equilibrium.

v - Circle
| A=b.d ’; 3 xrt
. x=3 y e
: y=
3 Centrold=(by2,d/2}
Rectangufor
| A=26"h
) ¥ -:h
. Centrold ={b/3,A/3] for right angle triongle
!
wre
=T
4
4
T
T _ 4
¥ ¥ = I
r Centroid -(;-E; :}E} Half Ellipse
wab
Semicircla 2 Y A = —
B rre 2
r A= 7z » X =0
_ @F 3 _4b
/*\ x =0 . N e
_ Ar ) 3w
. - T . Centroid =(0, )
r Centroid =-fﬂ,.;}
Qusarter ENipse A= wad
N 44
i
E= E
(v T - ik
¥ — ¥= In
Centrofd D{";"—;.. %}
Parabolic Segment
; L
A= 3M
=3
=ob
@
h = ;ﬂ

2z
Centroid -rf;b, =h)



Centroids of Composite Figures

Procedure

- Divided shape into shapes with known dimensions and centers.
- Find the individual area for all shapes (a).

- Find summation of area =Xza=A.

- Find Zax, and Find Zay.

- X= (Zax/A).

- y=(Zay/A).

- Centroid = (X, y).

ple 1 Determine the coordinates of the centroid of the area shown in Fig
beiuw w;th respect to the given axes.? Y y

al=(1/2) *6*9=27in?

x1=(1/3)*6=2 in
y1=(2/3)*9=6 in

mr? w3t

u2=T'—*T= 14.14in?

X2=3in

y2-9+ﬂ —_ y2_9+ 102?m

A=a1+a2=27+14.14= 41.14 m‘
- %= (Tax/A) ===b ¥= (27*2+14.14*3)/41.14=2.34 in

- y=(Say/A) === V= (27*6+14.41*10.27)/41.14=7.47 in
Coordinates of the centroid is at (2.34,7.47).



womple & The dimensions of the T-section of a cast-iron beam are shown in Figure-
huluw How far is the centroid of the area? above the base?

Ans.
al=6"1=6cm?
yvi=0.5cm
a2=8*1=8cm?
y2=d+1=5cm
A=gl+a2=8+6=14cm?
¥=(Zay/A)
¥=(6%0.5+8"5)/14
¥=3.07 cm above the base

# lomd”

fom

i,

Ham

Pa 1Fa

A e

AZ

Al

F—+-B5om

o Bom

Example 3/ Locate the centroid the shaded area

y
|
N T——
|
—
4"
¥
e -
4"
‘ N l l \ _12 -
L-.'—-‘ | - s
! 3n 2)" 2"
A %
PART in? in. in.,
I 120 6 5
2 30 14 10/3
3 —-14.14 6 1.273
4 -8 12 4
TOTALS 127.9
= TAX = 959
X = - X = —e =- i
l TA ] 127 9 7.50 in.
TAyY o 650
B o SN o O .
[ <A J 1279 5.08 in.

xA FA
in? in?
720 600
420 100
~84 8 18
— 96 32
959 650

£



Example 4/ Determine the coordinates of the trapezoidal area shown.

)‘
|
|
I

600
mm

= I%(l04)mmz) = 150mm, E‘ 300 mm
gz,. 9 (|04) mm‘) o 3oo+-§-(3o®c 400 mm

‘13 400 mm
Zﬂx . 18 ot) i + 0t 400 ;
18(16*) + 1 (10* 233 mm

S EAT _ 18(10%)(300) ¢ (10*)(40%)
i_liL ) l?('l)o‘)+ (109 3

| Nl



H|

r_“,, il

Sin

T -_

PROBLEM 5.1

Locate the centroid of the plane area shown.

SOLUTION

:F‘l_q. |-.-C.‘|.5 s

( :) I le
. % a,
Hia. 2.5 n.
2.5 X
A,in” T, in v, in TA,in” ¥A,in®
1 3 0.5 4 4 32
2 3 25 25 75 75
b3 11 115 39.5
XTA=3A
X(llin")=115in" X¥=1045in.
YEA=EFA
¥(11)=39.5 ¥=359in. o




I'| PROBLEM 5.5

e =10
f{-'“'-x Locate the centroid of the plane area shown.
T/ sl
il f in| / 4
|:.‘ =0 irl.|
SOLUTION
4 y
& i &,
=/, fIa. — -
Gin |
g - ST R
= "{#—*L p W;I}__i AP o
By symmetry, X=Y

Component A in’ X.in. TA, in’

. . r 1 .
l Quarter curcle T“” - =T8.54 4.2441 333.33
1l Square —{5)* =-25 2.5 —62.5
z 53.54 270.83

XIA=ITA X(53.54in%)=270.83in°
X =5.0585in. X=¥=506in. 4




i

PROBLEM 5.7

— - T
; ;}"'. ; Tin. Locate the centroid of the plane area shown.
b
b=} g, e 3 i
SOLUTION
Y ﬂ";ﬂm fin
am (:T
T o
3.._"_ % Pl _L —
,_L L5, I
;N ; ;
Lita _.;.._3,:,_1 fﬂ-ﬂ,ﬂ-ﬂrﬁl&?m,
By symmetry, X =0
Component A,in? y.in. VA, in’
I Rectangle ()6} =18 1.5 21.0
5 ; A -
Il Semicircle —1:131 =—6.28 2.151 -13.51
I 11.72 1349
¥IA=LTVA
Fil1.72in?)=1349 in’
Y =1.151in.

X

0

Y =1.151in.
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moment of Inertia

consider the plate in Fig. 10-1, which is submerged in a fluid and subjected to the pressure
p. this pressure varies linearly with depth, such that p =y y, where v is the specific weight
of the fluid. Thus, the force acting on the differential area dA of the plate is dF =p dA = (y
y)dA. The moment of this force about the x axis is therefore dM =y dF = ¥ y2dA,and so
integrating dM over the entire area of the plate yields M =y [ y? dA. The integral [ y* dA
1s sometimes referred to as the “second moment™ of the area about an axis (the x axis), but
more often it is called the moment of inertia of the area. The word “inertia” is used here
since the formulation is similar to the mass moment of inertia, [ y* dm,

Fig. 10-1

Moment of Inertia. By definition, the moments of inertia of a differential area dA about
the x and y axes are dIx = y2 dA and dly = x2 dA, respectively, Fig. 10-2. For the entire
area The moments of inertia are determined by

integration

L

. | ) : - e i lIl.-
" dA
i 47

/
I = f.l'::f,ﬂ. !'tf'; = | o
’ A L s

rd

I =

X

we can also formulate this quantity for dA about the “pole” O or z axis, Fig. 10-2. This is
referred to as the polar moment of inertia. It is defined as dJo = r? dA, where r is the
perpendicular distance from the pole (z axis) to the element dA. For the entire area the
polar moment of inertia is

= fﬁ:a =1 +1
A

2



This relation between Jo and Ix, ly is possible since r? = x + y?, Fig. 10-2

From the above formulationsit is seen that I, 1y, and Jo will always be positive since they
involve the product of distance squared and area. Furthermore, the units for moment of
inertiainvolve length raised to the fourth power, e.g., m*, mm?, or ft4, in®

parallel-axistheorem for an Area

The parallel-axis theorem can be used to find the moment of inertia of an area about any
axisthat is parallél to an axis passing through the centroid and about which the moment of
inertiais known. we will consider finding the moment of inertia of the shaded area shown
in Fig.10-3 about the x axis. To start, we choose a differential element dA located at an
arbitrary distancey’ from the centroid x  axis. If the distance between the parallel x and x’
axisisdy, then the moment of inertiaof dA about the x axisisdix = (y + dy) 2 dA for the
entire area

I, = /t_r'—cn.fm AR
J A _ e ] .h'.l

l|
2 y § 7 ) . \H"‘- _Ir - T -'I
vy dA +2d, | vy dA + d; | dA e #
JA J A Ja R S 4

|
% L__,.'
1

Fip, B3

The first integral represents the moment of inertia of the area about the centroidal axis,
IX . The second integral is zero since the X axis passes through the area’s centroid C; i.e.,
fy, dA=y[dA=0since y = 0. Since the third integral represents the total area A, the final
result is therefore

—F . 4 A4
f_,' B 'r.1' ﬂd'r
A similar expression can be written for [ ; i.e.,

I. =1, + Ad

And finally, for the polar moment of inertia, since J, I.+ I and
¥ ¥ 7
d = d, + d,,wehave

Jo=Tdu+Ad



Example/l

Determine the moment of inertia for the rectangular area shown in Fig. 10-5 with respect
to (a) the centroidal x” axis, (b) the axis x» passing through the base of the rectangle, and
(c) the pole or z” axis perpendicular to the x -y plane and passing through the centroid

C.

SOLUTION

(a)

At the centroidal x axis

integrate fromy =-h/2toy=h/2.SincedA=bdy then

. « 2 12
I, = j}'r: dA = / yibdy') = Jﬁj ¥'2 dy'
A o —fif2 2

= ]. 1
I.. = —bkr
12

(b)

At the centroidal xp axis

f.'l.',-. o= }1 + "d'“f'.::

- 4 G 1
= —bh + bh|l —| = —blr
12 2 3

(c)

b

3 =

b

b

Fig. 10-5

To obtain the polar moment of inertia about point C, we must first obtain Iy', which may
be found by interchanging the dimension’s b and h in the result of part (a)

= ]. 1
L. = —hb
12

the polar moment of inertia about Cis

— ==

.
Jo=1.+ 1= —bhih" + b)

I"!



Example/2

Determine the moment of inertia for the triangle of base (b) and altitude (h) with respect
to (a) an axis coinciding with its base and (b) a centroidal axis parallel to its base.

Ix :jysz

dA :Xdy T8 K

1 sz
Ix = | v (xdy) = | xy*dy // ]
. o iy l

From the triangle y :
P

h_y:ﬁ x=2(h—y) /'/l"“X‘*T

X b h // y

/
/ 4

SO S R
S RCIN RS
SR

bh3
Ix =—

12
I = IC + Adz
Ix =Ix, + Ad*
bh? =Ix.+ = bh h/3)?
5 = L + 5 bh(h/3)
bh® . bh’
12~ ¢ 118

bh®  bh3
Ix, =—-—

12 18

3bh3—2bh3 bh3
Ix, = Ix, =—

36
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¥
12
—T— Iy= = b3h
Rectangle h I, =< bh?
| . “ | v
s I, = 16
X
| B | Jo= L bhib? + 1)
;/ _
Triangle h / [ !'-=J—ﬁb.ﬂ-3
VB 7| et
—p—] :
¥
Cirdle f/ r T;= _,, = i}u’rd
. oy
\G / * Jo=3*r
I.b‘I
_,————\__\_“‘\ I
L =f == 4
Semicircle sC \ =hEga
ﬂ \ Jn=%ﬂ'i’4
R
|.b‘I
1
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| ] =2gré
0 | e a 8
-— —
¥
1 I=l 3
/ = _L-aJ—Jrab
Elh I
o \\D / x f-*=%m'1b
— Jn=}nab{a3+b3}




Example/3

Determine the moment of inertia of the shaded area about the X -axis in two ways. The
wall thickness is 20 mm on all four sides of the rectangle

Ixr_Ix _IX, y
bh3 bh3
Ix =|— ) - |— * S e et T
12 12 ‘
1 2 \ 100 mm
I 360 * 2003 320 * 1603 ik
X = 12 X - 12 . 20 mm b 100 mm

Ix =130.8*10° mm*

Example/4

Determine the moment of inertia of the area shown in Fig. 10—8a about the x axis.

o ———

properties formulae for it o o S | 25 me
circular and rectangular. :,___}g‘f*»,: I S _ 61')
H 1 4 l""'\-\_-"lII l| [ S
Circular= j = ITr i 75 mm |
Rectangular=  /, = {5hh’ — J :
1 [}
Feg. 114
Circle
i i+ Ad;
I: i SR E 2 A i
= 1?"35" (230075 = 140107 man
Rectangle

f, = Iy + Al

1 :
= Filcmn|5+::' + (100K LS0WT5) = 112.5(10%) pun®

Summation. The moment of inertia for the area 15 therefore

I, = —11.40010% + 112.5(10%
= 10110 mm™®

7



Example/5

Determine the moments of inertia of the shaded area about the x - and y -axes

IXcombine = Iquuar— IXsemicircle

bh® 2a(2a)® 16a*
IxsquaT:IYSquar = 3 = 3 = 3

4 4

nta

nr
Ksemicircle = 3 g 7

9

gy —— il

mr* I f
IYsemicircie = ? + Ad
ra* ma® |
_ 1o N AR
3= 1 (a®) |_f_j
y ma* + 4ma* 3
el ~ i

5ma* 2a =

16a* ma* -
IXcombine = T 3 <a. X
B 128a* — 3ma*
B 24
B 128a* — 3ma*
B 24

16a* 5ma*

1Y combine = 3 3

= 4.94q*

B 128a* — 15ma*
B 24

= 3.37a*




Example/6

Calculate the moment of inertia of the shaded area about the .x-axis

Ix = Ix; — Ix, | 'y
[ AN
I bh3® 100 %903 6.08 % 106 .
= = = 0. * \
xl 12 12 e l:.l:l \'-.
e = mr*  m30* w | mm N
XZ = 8 - 8 50 mm e 50 men
Ix, = 0.318 10°mm* -
Ix = 6.08%10°—0.31810° T_-
G @
Ix = 5.76 *x 10°mm* klmm @ 30 mm
1040 mm @
- ——— v
Example/7
Determine the moment of inertia of the shaded area about the .x-axis
bh3 » 1 g
le = - —
12 g0 ] a
3 4 : :
_ 4a(4a) _ 64a 1. »
12 3 e | x
I 3a* (2a)3 :"
X2 = 12 l a
=2a* B o
IXtotal= le - Ixz - - {:ﬂ ;_ = . el
| ,
64a* @ . | @
== - Za aaa _I i §
12
~ 58a*
3



Example/8
Calculate the moment of inertia of the shaded area about the x-axis

for x=40 mm & y=30 mmm !

x=ky3

40=k303

—_ 40 : 30 mm
27%103 I 4

[x =y2dA == yZ(XZ . Xl)dy — 40 mm

40
— A 3
Ix=y (3y 570007 )dy

30 4
IX_] (_y _2700y5)dy

4 30 4
=§f0 ydy_zmo] i

4 430 630
Ixz_z _LX
314 |, ~270016 |,

1 _,. 4 30°
x=7*30"~5766* %

=9*10* mm?*

10
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Dynamics
Dynamics is that branch of mechanics which deals with the motion of particles, lines and
bodies. So, the dynamicsis divided into two parts:

1— Kinematics: which dealswith the motion of the bodies without consideration of theforces

required to produce the motion including the position, speed, velocity, acceleration ... etc.

2 —Kinetics: which deas with the motion of the bodies with consideration of the forces
required to produce the motion.

Definition

Motion: the change of position of one body with respect to another. The rate of changeisthe
Speed

Speed: change in distance with respect to time. Speed isascalar rather than avector quantity;
I.e., the speed of a body tells one how fast the body is moving but not the direction of the
motion.

Velocity: changein displacement with respect to time. Displacement isthe vector counterpart
of distance, having both magnitude and direction. Vel ocity istherefore also avector quantity.
The magnitude of velocity is known as the speed of abody.

linear motion with constant speed

Does linear motion have constant speed?

In uniform linear motion the distance and displacement are equal at every particular time
interval. Therefore, the speed and velocity at every particular time interval are equal. So we
can say that in uniform linear motion the speed and vel ocity are constant

Uniform motion

ismotion at a constant speed in a straight line. can be described by afew simple equations.
The distance (S) covered by a body moving with velocity (V) during atime (t) isgiven by S
=V.t, If the velocity is changing, either in direction or magnitude, it is called Accelerated
motion. If (a) isthe acceleration, (V) the original velocity, and (V;) the final velocity, then
the final velocity is given by

distance:
total length of actua path covered in travelling from intial to final positions

Displacement:
short distance between initial and final position



Speed Velocity

Speed s the rate of change in distance. Velocity is the rate of change in displacemeant,
Farmula: Formula:
o 5
V=— b
f f
v = speed v =velocity
d = distance travelled 5 = displacement
1= time taken L= time taken
Unit: ms-1 Unit: me*!
Typa of guantity: Scalar quantity Type of quantity: Vector guantity
-—w W

Constant Velocity - Example”

20m 20m 20m 20m

t=0s t=10s t=20s t=30s t=40s

» Describe the speed of the car above.
* GIVEN: d=80m&t=4.0s

« EQUATION: Vv = d/t

« SOLVE: d/t =80 m/4.0 s = 20 m/s = average
speed

+ Velocity would be described as 20 m/s in the
direction of motion (east?)




Example/1

A car travels at aconstant 10 m/s. Determine distance after 10 seconds and 60 seconds.
Solution

Constant speed 10 meters/second means car travels 10 meters every 1 second.

d
v=-—
t

For t=10sec
d = v *t=10*10=100 m
For t= 60

d = v * t=10*60=600 m

Example/2

A car travels along a straight road at constant 72 km/h. Determine the car’s distance after 2
minutes and 5 minutes.

Solution
72 km/h = (72) (1000 meters) / 3600 seconds = 72,000 / 3600 seconds = 20 meters/second.
The constant speed at 20 meters/second means car travels 20 meters every 1 second.
After 120 seconds = 2 minutes, car travels
d=v=*t
20 x 120 = 2400 meters= 2.4 km

After 300 seconds or 5 minutes, car travels 20 x 300 = 6000 meters=6 km.


https://physics.gurumuda.net/distance-and-displacement-problems-and-solutions.htm

Example/3

A body travels dong a straight road for 100 metersin 50 seconds. Determine the speed of
the body.

Solution
d
vV=—
t
_ 100 —
V= 50 - m/sec
Example/4

Cars A and B approach each other on parallel tracks. When the distance between the two carsis
100 meters, car A moves at a constant speed of 10 m/s, car B moves at a constant speed of 40
m/s. Determine (@) time interval before car B passing car A (b). the distance of car A before
passing car B.

A : B
=] [=- |
F‘, 100 meter 5.
Solution
dat+ dg=dt
vy * t +vg *t =100
t (10+40) =100
. 100 — >
=20 = sec
dy=v, xt

dy =102 =20m/sec
db=vb*t

d, =402 =80m/sec



Kinematics of a Particle |

23 uitia Alaay & o) gy A e Al Lgaladil (S il alaa SO LAl *

l‘_ds
o dt
_dv
=t
2oy LaS AL Al plilied Sy Ooullilaal) (A (a9
ds

7

Lz(dv/a) = vdv=ads

Constant Acceleration

s Juani ABluall A0 Y dlaal) JalSid (g = g,) AL dlael) GAS )

& t
fdv:fu,_.dr
(5 0

0

v=vyt+a.t

5 t t
J‘d5=fvdt =f (vg+a.t) dt
Sa 0 0

- 2
5 =58 +v(}t+—ﬂct

2
v 5
f vdv=J a; ds
r 5

8] 0

v2i=p2+2a,(s—5,)




Example /5

A bicyclist starts from rest and after traveling along

a straight path a distance of 20 m reaches a speed of

30 km/h. Determine his acceleration if it is constant. Also,
1 | how long does it take to reach the speed of 30 km /h?

Solution:

vi=wv, +2a(s—s,)

((30 « 10000
60 + 60

) =0 +2a(20—-0)

a=1.736 m/s®

v=P,tat

(30 + 1000)
(60 * 60)

=0+ 1.7361

t=480s

The following table explain the three equations of motion with constant acceleration according to the

type of a motion ;

Rectilinear motion Vertical motion
horizontal moti
S ———— Upward motion Downward motion
Vi=V.+at Vi=V,-gt Vi=Vos+gt
1 ) 1 y 1 3
S=Vot+—-at” |h=Vot—-—gt" |h=Vo.t+-g t°
2 2 2
Vi-Vo%2aS |Vr’<Vo%*-2gh |Vr%Vo?+2gh

Vr= final velocity (m/sec) , Vo =initial velocity (m/sec) ,

a = linear acceleration (m/ sec )

S=distance ( displacement ) (m ), g = gravitational acceleration (m/ 'sec’ ),



Example /6

A body is fall down from ( 5 m ) high , In what time does reach the earth ?
Solution :

Vi’=Vo?+2gh=0-2+10*5= J100 = 10 m/sec
szVo+gt
0=V i t=1 sec

Example /7

A stone is thrown vertically upward returns to the earth during (5 sec) , How high does it go?
Solution :

2
h=-l—.g.t
2

hi=05*10%17 =5t

hy=0.5*10%(5-1;) =5(25-10t; +1) =125 - 508, + 51,
hi=h:

st =125-50t,+51,
St -1254501,-517=0 —504,=125 — t; =2.5sec
h=%*10% (25) =31.25m

2



Example /8

A stone is thrown verfically into the air from a tower
( 100 m ) high , at the same instant that a second stone is
thrown upward from the ground . The initial velocity of the
first stone is ( 50 m / sec) and that of the second stone is
(75 m/sec ), When and Where will the bvo stones be at the
same height from the ground ?

Solution :

h=!fa.r—lg r?
2

)ﬁ,=5a*r-%*ru*rf=mr-sr*‘ ......... (1)
Wa=75%t <% *10%t2 =751 -5¢ oo (2

thy=- 501+ 5¢°
hy=+751- §5t°

adding
ha-hi=23t

Then, ha=hy=100m

o 100=25t —>t=4sec
hy=50*4-5(4)"=200-80=- 120m
hy=75%4-5(4)°=300-80= 220m

100 m

Vo="75 m'sec



Example /9

A body moving with constant acceleration 4 m/sec” , the position of the body is x =5 m at t = 0 with
initial velocity 3 m/sec .

a- Determine the position and the velocity after 2 sec

b- Where the body maybe in position when irs velecity 3 m/sec
Solution :

=
I=Iﬂ+VﬂI+%HIE
=5+3*2+%*4*(1)3=19m
Vf=Vo+adt
=3+4*2=11m/sec
b-
Vit =Vo'+2 (x—:rﬁ)
5' =3 +2*%4(x-5)
25=9+8(x-5)
q
x=£=?’m
Example /10

An airplane lands with an initial velocity of 70.0 m/s and then accelerates opposite to the motion at 1.50
m/s? for 40.0 s. What is its final velocity?

Solution

Substitute the known values and solve:
v=v(+at=70.0m/s+(—1.50m/s2)(40.0 s)=10.0 m/s.

- / V, = 70.0 m/s - / v = 10.0 m/s
- ’ A - - A\
N\

) V!
‘":;'H-f ‘j;’r‘ﬂ“
a = -1.50 m/s? a = -1.50 m/s?

ty=0 t=400s

ty
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Newton’s Laws (Empirical laws governing motion) :
Newton’s First Law :
Every body continues in its state of rest or of

motion at a constant velocity unless acted on by an

unbalanced force (F ).

ile.if F=0 the a=20

( Force is something which changes the state of

motion of a body )

The total force F can be the sum of several forces

Newton’s Second Law :

If an unbalanced force ( F ) acts on a body it
roduces an acceleration (a) where:

ﬁ= m . a F = resultant force , m = mass

of the body , a = linear acceleration

Mass : defined by this law is a measure of a
body’s resistance to motion (inertia) and is called

the inertial mass. At a fixed place on the earth’s
surface: F=W=m.g

( W) is called the weight of a body and ( g ) is the
gravitational acceleration ar the earth’s surface.
Newton’s Third Law :

“To every action there is an equal and opposite reaction”.
F T F BA Ma Mg




Example 1

Determine the weight of the body (A) to give the body (B) of (20 N ) weight a downward acceleration
of 0.5 m/sec’ ?

Solution : Fo AL
Forthe body (4): F=m.a I - )VQ
2 L A
Tl-W.4=E*(71 ! ! fat
10 al | Bé A ||a
10T -10Ws =a*ar ... (1) !
Forthe body(B): F=m.a ZéN W
20 \ !
20-T=—*a;
10 T, Ty

20-T2=2%*a:
20-T2=2%0.5 n

20-T:=1=220-1=T2=>T7T:=19 N

For the pulley : 2

=2 LI =FTi—% Ti=3%3 N

@ =035y aF=l

Subst. In (1) : ‘
Wi=863 N



Example 2
Determine the acceleration of each block , and the tension in the cord , if
the fixed drum is smooth ? DRUM
Solution :
For the first block (10 N ) weight :
F=m.a

T-lO=E .a
10

IT-10=qa .....(1) 10N

For the second block ( 40 N ) weight :
F=m.a

1

40 N

40-T=4—0- . a
10 1

40-T=4a ... (2)

Subst. (1) in(2):

T
0-T=4(T-10) = ,..40-T=4T-40 — ,...T=16 N l
Subst.In(1): 16-10=a ......... a=6 m/sec’ 0‘




Example 3
Block (!.-1) weighs (8 N ), Block ( B) weighs (16 N ), The
horizontal slot is smooth , the length of the slotis ( 7.2 m ), =y
Determiine :
a - the tension in the cord.
b - the acceleration of each block .
¢ — the required time for the block ( B ) to complete its motion

along the siot. (g =10 m/ sec’)

Solution : e B\ I.—umN
a-Forthe block(4): F=m.a  JT7 7 AT7
r-s-%.a ...... — 10T-80=8.q~(1) . '/
st
Fortheblock(B): F=m.a
§_ 16
10-27'1—0'.0 ...... = S00-40T=80q == (2)
S00-40T =
From(2): 4= 2 el ] 4
Subst.(3) in(1) mr-so=s{5°°"°r] .
10T-800=500-40T .. — T=9.2N 8N
500-40%92 :
b Subst. In (3 ) : a=T=l.6m’sx' a ;
IST

e S =Va ' t+%‘a t:
§= the length of slot

5T 10N
12=00 15 (L6)F v unere=t=3 500

6N

(S, ]



Example 4
Determine the weight of the body ( A) to give the block (100N )
an acceleration of (0.5 m /sec’ ), p=01?

Solution :

For the block (100N ) :

F,=;4.N=0.I *100 cos 60=5 N T

F=m.a 4 ¢ N T
T-100sin60 -F;=(100/10).a

T-916=10.a m a

T-916=10.%0.5 '

I=9.6 N v ! 100 sin 60 o0
For the block (A4 ) : Wy Fy

F=m.a

W,-T=(W,/10).a
W,-966=(W,/10)* 0.5
107,-960.6=0.5 * W,
100, -0.5 W,=960.6
9.5, =960.6

W, =960.6/9.5=193.2N



Example 5
A man wanis to slide the homogeneons { 100 N ) box shown in fig
. acress the floor by pushing on it with the force ( P ), the

coefficient of fricion between the box and the floor is ( 0.2 ) .
Determine the force ( P ) 1o give the box an acceleration of

(§m/isec)?
Soltion :

YFy=0— N-100=0— N=100
Fe=p . N=02°100=20 N

F=m.a

P-F=(100/10) %8

P-20=10%8

P=80+20-100N
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Angular motion

Angular motion is defined as, the motion of a body about a fixed point or fixed axis. It is
equal to the angle passed over at the point or axis by aline drawn to the body.

The simplest angular motion is one in which the body moves along a curved path at a
constant angular velocity, as when a runner travels along a circular path or an automobile
rounds a curve.

An angle at any moment is determined by the angle 6 made by its linear position vector r
with the x-axis. If the particle is a position 01 at moment tl, then it is at position 62 at
moment t2,

Then we find that it is an angular motion

= .
AB =01- 6, /;’ ol ,-"f {} '
{ .'.I: /ﬂ' ;:_ l

r Axis l

at time | lw
At= t-11 "-._l ol rotalion
And then we know the angular velocity by the Imrm EE{ /
Lz n
relationship H;mmuqmmmg e
A6 8, — 6,
w =
At tz - tl
w = angular velocity  rad/sec
Ab=change in angular rotation
At =changein time Sec
Aﬂaul_ar 'U'E-|ﬂﬂll’5r Linear ‘u‘el;::_::ity
(8 ¥ = _I
W= - t
t
7
v=—
r
co in radians per unit time L w
& in radians Ve d W




=» measuring 8 in degrees turns out to be a poor choice

- radians are a more natural choice of angular unit

e rochian s the angle ot whhch the u Ao angde 0 kn radians s the eatlo
hos the same leogth as the radin r of the are lemuth 5 fo the radaus r

— _\, r . "

Irad \ LSy

> ' r
pe o
() (h)
360°
- — Q
lrad = —— = 57.3
AT

Example 8

The wheels of moving car rotate at 13.5 revolutions per second. What is the angular
velocity of apoint on the wheel that is not on the axis of rotation of the wheel

1rev=2m rad o~
w =135 *2w=27  rad= 84.8 rad/sec /, \
. *
w =~ 85 rad/sec ( ‘; 2.1 ro.d
/
. % o
Example 9

Theradius of acar wheel is 0.25 m/s and itslinear velocity Calculate the angular velocity
of the wheel



Work by Forces

work of a constant force:

U_s = F,cos8(5 — 5) ¥

:iﬁ“;ﬂ! alaal LH"EI‘ 3‘_,111 e - HL'I ’ i T Eemp W
U_s = F.(s52 - 5)

work of a weight:

.L,E-‘H' Ay =S 13} Al 5 o Jia Ay =S i) dpae gn 3955 9

POWER :
The rate of work done by the body per time .
P : Power , F : Applied force , S : displacement , V' : velocity

W_ES ¢ v
p=t t

ENERGY

The ability to do the work , Divided into two parts ;

I — Potential Energy ( P.E ) : The energy which stored in or loosed from the body .
PE=W.h=m.g.h
W : the weight of the body , h : the high of the body

2 — Kinetic Energy (K.E ) : The ability of the body to do the work due o its velocity .
KE=% .m.V’

m= mass of the body , V =velocity



Principle of Work and Energy

T, + XU = T,

]

means that the particle's intial kinetic energy plus the work done by all the

forces acting on the particle as it moves equals to the final kinetic energy

where :

Example 1:

Find the work done by a body of (5 N ) weight which is fallen down from ( 10m ) height ?
Solution :
Work done=P.E=m.g.h=(S1)X10X10=50]

Example 2:

Determine the total energy of ( 10 tomes ) airplane mass when it is flying with ( 15 m/sec ) and of
(2500 m ) high?

PE=m.g.h=10X1000X 10X 2500= 250 000 000 J

KE=l.m. V=5 XI0WX(15)* = 112500 ]

Er=P.E+KE=250 000000+ 1125 000 =26125 000



Example 3

The diesel engine of a 400-Mg train increases the
train’s speed uniformly from rest to 10 m/s in 100 s along a
horizontal track. Determine the average power developed.

»  Solution:

Ty + XUy 2=T;

1 40000") (48N
0+ U, , == (400) (10)* (10)?
Uy = 20 (10)% | , '
6 o00pPC
Prvg = U‘t" - 201((;8) = 200 kW
F
Also,

v=veg+a.t

10 =0+ a. (100)

a. =01 m/s?
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Strength of material

In mechanics of materials, the strength of a material is its ability to withstand an applied
load without failure or plastic deformation. Strength of materials basically considers the
relationship between the external loads applied to a material and the resulting deformation
or change in material dimensions

Stress: -Every material is elastic in nature That is why whenever some external system of
farce Some deformation as the body undergoes deformation its molecules set up some
resistance to deformation This Resistant Per unit area to deformation stress acts body it
under goes set up Some is known as

stress o = P
A

Where

P: - load or force acting on the body

A: - cross-section area of the body

In S.I the unite of stress is Pascal (pa) = 1 N/m?
Mega Pascal (Mpa) = N/mm? * 10°

Giga Pascal (Gpa) = KN/mm?2 * 10°

Classification of Stress
Generally following engineering stresses are classified in strength of materials studies.
Type of stress

1- normal stress 2- shearing stress 3- bearing stress

Normal Stress
« When the applied force is perpendicular to cross-section area of the specimen
(axial load), then the corresponding stress produced in the material is known as
normal stress.
. Many timesforce applied on the surface is not uniform; in that case, we take an
average of the applied force.

Normal Stress = %



1- Tensile Stress

When a section is subjected to two equal and opposite pulls and the body tends to
increase its length as shown in fig. The stress is induced is caled tensile stress the
corresponding strain is called tensile strain as a result of the tensile strass the cross-section
area of the body gets reduced

Iensile Stress

J

Strength of Marerials : Tensile

Stress

2-Compressive Stress

When a section is subjected to two equal opposite pushes and the body tends to shorten its
length as in fig. the stress induce is called compressive stress. the corresponding strain is
called compressive strain .as result of the compressive stress, the cross section area of body

getsincreased
Il

Compressive
Straoss

Strain

Strain is the deformation of amaterial from stress. It issimply aratio of the changein length
to the origina length. Deformations that are applied perpendicular to the cross section are
normal strains, Change in length at some instant of the material per unit original length

AL : Lo .
£E=— =
Es I
o —
e £ strain i ]
e AL total elongation [m] ; L

e L, original length [m]



Stress- strain curve

« Plotting of stressto strain gives a considerable number of properties of the
material in strength of materials study.

. Thestress-strain curveis stress versus strain curve in which strain ison
independent axisi.e., x-axis and stress is on dependent i.e. y-axis. It isan
important characteristic of the material.

« Ontheload application, two types of deformation occur in the material
depending upon the strain value, first is elastic deformation and second is
plastic deformation.

A
Plastic Deformation
. 1
Elastic Upper Yield »
Deformatij) / o y 3
"\ Ultimate Tensil \
b\ imate Tensile 8 T —
U (' “Lower Yield Point ,-" SR VP
Stress \\ Braking
Proportional Point
Limit Elastic
Limit
o —
Strain  T——)

Elastic Defor mation
« Elastic deformation is the deformation in which material regainsits origina shape on

the removal of the force.
« Thisregion has a proportional limit, elastic limit, upper yield point and lower yield
point.



Modulus of Elasticity | Hooke’s L aw
« When this type of deformation occurs, the strain in the metal piece is nearly
proportional to the stress; therefore, this deformation occurs as a straight line in Stress
versus strain plot except for some materials like grey cast iron, concrete and many
polymers.
. Stressisproportional to the strain through this relationship.

O X E
« This is known asHooke’s Law, where Y the proportionality constant is known
as Young’s Modulus or Modulus of Elasticity. It isalso denoted by E. It isthe dope of
the stress-strain curve in the elastic limit. It is one of the most important law in the
studies of strength of material.

Modulus of Elasticity Formula

E=—
€

Its value is dlightly higher for ceramics than metals and value is dlightly lower for
polymers than metals. Or most structures are required to have deformation only in the
elastic limit; therefore, this region is quite important.

Elastic Limit
. Itisthe pointin the curve up to which material shows elastic behaviour.
. After this point, plastic deformation in the material begins.
. Beyond the eastic limit, Stress causes the material to flow or yield.

yield point phenomenon.
. Upper Yield Point: Itisthe point in the graph at which maximum load or Stress

required to initiate the plastic deformation of the material.

. Lower Yideld Point: It isapoint at which minimum Stress or load is required to
maintain the material’s plastic behavior.

Ultimate Strength Definition | Ultimate Stress Definition

. After yielding, as plastic deformation continues, it reaches a maximum limit
known as ultimate Stress or ultimate strength.

. Itisasoknown asUltimate Tensile Strength (UTS) or tensile strength. It isthe
maximum stress that can be sustained by material in tension.

« All deformation up to this point is uniform, but at this maximum stress, small
narrowing of material beginsto form, this phenomenon istermed as ‘necking’.



Rupture Point | Fracture Point | Breaking Point
« Stress necessary to continue plastic deformation starts to decrease after ultimate

strength and eventually breaks the material at a point known as rupture point or
fracture point.
. Thestress of the material at rupture point is known as ‘rupture strength’.

Deformation of abody dueto force acting on it: consider abody is subjected to atensile stress

P o P

o = Z . € = E = E
. oL PL
deformation OL=€ex*xL = v — Vi

Not

1- we can use this equation aso for compression is the same as that for tension

2- same time in calculation the tensile stress and tensile strain are taken as positive where as
compressive stress and compressive strain as negative

Plastic Defor mation

. |If the applied force is removed in this region, then the material does not regain
its original shape.

« Thedeformation in the material is permanent.

« In this region, Hooke’s law is not valid.

. Thisregion has ultimate tensile strength of materials and breaking point.

. There are some points on the curve around which type of deformation changes.
These points are very important as they tell us about the limitations and ranges
of material which are ultimately useful in material’s application.



MH hollow evlinder 2 m long has an outside diameter of 50 mm and inside
diameter of 30 mm. If the cylinder is carrving a load of 25 kN, find the stress in the cylinder. Also
find the deformation of the cylinder, if the value of modidus of elasticity for the cvlinder material
is 100 (;Pa.

Sowmon. Given: Length ([)=2m=2x 107 mm : Outside diameter (1) = 50 mm : Inside
diameter (d)= 30 mm : Load (P)=25kN =25 x 107 N and modulus of elasticity (E) = 100 GPa= 100
x 10° N/mm’,

Stress in the cylinder

We know that cross-sectional arca of the hollow cylinder.,

A = TxD-d) = Tx150)" - (30| =1257 mm
and stress in the cylinder,
]
_ p_BxI0 - ..
o = A= 1257 =199 Nfmm~ = [9.9 MPa Ans.

Deformation of the cylinder
We also know that deformation of the cylinder,
P _(25%100)x 2x10")
8 = XE~ 1257%(100x10)

= 0.4 mm Ans.

Exampie 3.5. A hollow steel tube 3.5 m long has external diameter of 120 mm. In order to
determine the internal diameter, the tube was subjected to a tensile load of 400
kN and extension was measured to be 2 mm. If the modulus of elasticity for the
tube material is 200 GPa, determine the internal diameter of the tube.

Sowumon. Given : length(/)=35m=35x 10° mm ; External diameter
(D)= 120mm ; Load (P) =400 kN = 400 x 10° N: Extension (3/) = 2 mm and
modulus of elasticity E = 200 GPa = 200 x 10° N/mm’.

et d = Internal diameter of the tube in mm. 120
We know that area of the tube, Fig. 3.3
Al % [(120)° - &) = 0.7854 [(120)* - &)
and extension of the tube (&),
5 o PA__ (400X10)x3.5X10°) 8913
T OAE 07854101200 - d° 200x10°) 14400 - d°
28800 - 2d° = 8913 or 24" = 28800 - 8913 = 19887
or & = 19887 =9943.5 or d=971 mm Ans.

2



Stressin the bars of different section

Sometime a bar is made up of different lengths having different cross section area os shown
in the figure

In such cases, the stresses, strains and hence changes in lengths for each section is worked
out separately as usual. The total changes in length is equal to the sum of the changes of all
the individual lengths. It may be noted that each section is subjected to the same external
axial pull or push.

P = Force acting on the body,

E = Modulus of easticity for the body,

l; = Length of section |

A1 = Cross-sectional area of section 1,

l> A,, = Corresponding values for section 2 and so on.
We know that the change in length of section 1.

PL,

_ PL, PL,
-~ AE

5L3: a—

SL :
1 A,E AE

5L2 ES

Total deformation of the bar,
6[; = 6[;1 + 6L2 + 6[43

SL==|—4+—+—"1+

P[L1 L, Ls ]
ElA; A, A;

Note: sometime the modulus of the elasticity is different for different section in such cases
the total deformation

L L L
1 2 3 +]

5L = P[
4.5, | AE, | AyE



— Exaweie 4.3, A6 mlong hollow bar of circular section has 140 mm diameter for  length
of 4 m, while it has 120 mm diameter for a length of 2 m. The bore digmeter is 80 mm throughout
as shown in Fig. 4.4.

8 ¢
-2 il il?f
300 kN @ — = = e e e e e — - 'H#-JDMN!ID 120
| - D= :F |

Fig. 4.4

Find the elongation of the bar, when it iy subjected to an wxial tensile force of 300 kN. Take
modulus of elasticity for the bar material as 200 GPa.

Sowumion. Given : Total length (L) =6m=6x 10" mm ; Diameter of section 1 (D, )= 140 mm;
Length of section 1 (/| )=4m=4x I{!’mm:Dian'tlerﬂﬁfclinnztU;}= 120 mm ; Length of section
2(l,)=2m=2x Iﬂ!mm: Inner diameter (d,) = d, =80 mm ; Axial tensile force (7) = 300 kN =300
x 10 N and modulus of elasticity () = 200 GPa = 200 x 10° N/mm’.

We know that area of portion AB,

Ay =% %D} =d )= §x (1407 - (80) = 3300 = i’
and area of portion BC.
A, =E % D= dy)] = Ex[tlm}z-{mﬁ:ﬂ]}umm:

. Elongation of the bar,
_P[h L] 300x10° [4x10" 2x10°
! 'ﬁ'[fﬂ:]'zmxld‘” 33007 20007 |

=1 3x (03854 0318)= 1054 mm  Ans



_m_ A compound bar ABC 1.5 m long is made up of two parts of aluminiwm and
steel and that cross-sectional area of aluminium bar is twice that of the steel bar. The rod is
subjected to an axial tensile load of 200 kN. If the elongations of aluminium and steel parts are
equal, find the lengths of the two parts of the compound bar. Tuke E for steel as 200 GPa and E
Jor aluminium as one-third of E for steel.

Sowmon, Given: Total leagth (L) = 1.5 m = 1.5 x 10° mm ;
Cross-sectional area of aluminium bar (A,) = 2 A; 1 Axial teasile load
(P) =200 kN = 200 x 10" N : Modulus of elasticity of steel (E;) = 200
GPa=200x 10° N/mm” and modulus of elasticity of atuminium (£,) =

Es _200x10°

3 —3—— Nlmm".
Let, {, = Lengthof the aluminium part,
und Iy = Length of the steel pant.
We know that elongation of the aluminium pan AB,
& Pl,  (200x10%)xI,
A" ALE, }
1-Fp 2A‘x[2(l);<|0 )
200 kN
151
- -'Z:A o) Fig. 45
and clongation of the steel pant BC,
= Pls QOXIONs s L

Ac-Ey  Acx(200x10°)  As
Since clongations of aluminium and steel parts are equal, therefore cquating equations (1) and (i),

1. Iy
—ih = f- or ly=151,
' s

We also know that total length of the bar ABC (L)
5% 10" =1, 4+l = 1, +151,=251,

1.5%10°
33 =600mm  Ans

(15x 10 -600=90mm  Ans

and s



Exanere 4.2. A member formed by connecting a steel bar to an aluminiwn bar is shown in
Fig. 4.3,

Aluminium har
Stee! bar B 100 % 100

S0 x 50

Fig. 4.3
Assuming that the bars are prevented from buckling sidewise, calculate the magnitude of force
P, that will cause the total length of the member to decrease by 0.25 mm. The values of elustic
muxduluy for steel and aluminium are 210 GPa and 70 GPa respectively.

Sowurion, (‘nvcn Dcm in length (8/) = 0.25 mm ;: Modulus of elasticity for swt.l (Es) =
210GPa=210% 10’ N/mm’ ; Modulus Df(‘.hsll.ll)’ for aluminium (E ) = 70 GPa = 70 x 10’ N/mm’;
Area ofsteel section (A) = 50 % 50=2 500 mm” ; Area of aluminium section (A,) = 100 x 100 =
10000 mm’ . Length of steel section (£;) = 300 mm and length of aluminium section (/,) = 380 mm.

Let P = Magnitude of the force in kKN.

We know that decrease in the length of the member (30),

! I
25 =T e 4.
0 ("sks Aﬂq]
_p 300 380
- 0___
2500x(210xwf) 10000 (70 x 10°)
780 P
700 % 10"
p = OBXO0OXIC) 0t 1P N=2244KN  Am.

780
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Shearing Stress

Forces parallél to the area resisting the force cause shearing stress. It differs to tensile and
compressive stresses, which are caused by forces perpendicular to the area on which they act.
Shearing stressis also known as tangential stress.

T=Z

where V isthe resultant shearing force which passes which passes through the centroid of the
area A being sheared.

b i .E:'HT 1 e ? r‘},r.l il L

T
P el

Dol Shar

Ttge Shde

Area resisting shear is the shaded area as shown above.

; : 5 A
P ikl
- 3 | P A
I P —
NS
Single shear stress o E
A
P | 3
= N
P/2 —
] i | p @
— -
— ] L | N
P/2 =
P2

Double shear stress r=



Examplel/ What force is required to punch a 20-mm-diameter hole in a plate
that is 25 mm thick? The shear strength is 350 MN/m?.

Sol.

The resistmg area 15 the shaded area
alﬂng the perimeter and the shear force

Pu“chE||
N | Vis equal to the punching force P.
25 mm thick }—\ V=rA
P = 350[n(20)(25)]
= 5497787 N
Punched uut)—\ =5498 kN

-
o 45 mm

—l

20

Example 2: Consider a steel bolt 10 mm in diameter and subjected to an axia
tensile load of 10 KN as shown. Determine the average shearing stressin the bolt
head, assuming shearing on acylindrical surface of the same diameter as the bolt.

A=ndt

A=mx10x10°x8x107=0.000251327 m’

10 KN

F

4

. 10x10°
0.000251327

T=

=19.7888x 10° N/m"
7=39.7888 MN/m’



Example 3/ Find the smallest diameter bolt that can be used in the clevis shown
in Fig. if P=400 kN. The shearing strength of the bolt is 300 M Pa.

Sol.

The bolt is subject to double shear.
V=14 >

400(1000) = 300[2( L =d?)] ’ g

d=2913 mum

Torsion Stress

Consider a bar to be rigidly attached at one end and twisted at the other end by a torque or
twisting moment T equivalent to F x d, which is applied perpendicular to the axis of the bar,
as shown in the figure. Such abar is said to bein torsion.

Torsional Shearing Stress, T

For asolid or hollow circular shaft subject to atwisting moment T, the torsional shearing
stress T at a distance p from the center of the shaft is

Tp Tr
TT and Tmax — T
where Jisthe polar moment of inertia of the section and r is the outer radius.



For solid cylindrical shaft:

For hollow cylindrical shaft:
_ l 4 _ g4
J =55 (0*-a"

16 TD
Tmax = 7 (D% — d%)

Angle of Twist
The angle 0 through which the bar length L will twist is:
0 = TL _ di
=76 inradians

where T isthetorquein N-mm, L isthe length of shaft in mm, G is shear modulusin MPa,

J is the polar moment of inertiain mm? D and d are diameter in mm, and r istheradiusin
mm.

Power Transmitted by The Shaft

A shaft rotating with a constant angular velocity ® (in radians per second) is being acted by
atwisting moment T. The power transmitted by the shaft is

P=Txw
In SI units power is expressed in (watts) when torque is measured in (N.m) and ©
in (rad/s).
1 W=1 N.m/s
In the foot-pound-second or FPS system the units of power are (ft.Ib/s); however
horsepower (hp) 1s often used in engineering practice where:
1 hp=550 ft.Ib/s
For machinery the frequency of a shaft's rotation f is often reported. This is a
measured of the number of revolutions or cycles the shaft per second and is expressed in
hertz (1 Hz=1 cycle/s), 1 eyele=2n rad, then w=2nf
P=2nfT



Example4: If atwisting moment of 1 KN.m isimpressed upon a 50 mm diameter shaft, what
IS the maximum shearing stress devel oped? Also what isthe angle of twist in a1l m length of
the shaft? The material is stedl, for which G=85 GPa.

Tr
T = T

J="p* =2 (50%10*)* =0.6135x10™" m"
12 32

i 1x10° x25x 107
L 0.6135x107™"

Ton—20.74979 MPa

Example 5/A steel shaft 3 ft long that has a diameter of 4 in. is subjected to a torque of 15
kip-ft. Determine the maximum shearing stress and the angle of twist. Use G = 12 x 10° psi.

Sol.

T

J=Lp* =% (50x107%)* =0.6135%10° m*
32 32

3 1x10° x 25107

T|:|'m'\;
' 0.6135x10°°

Trax—40.74979 MPa

gt
GJ
X 1%10° x 1
85x10° x0.6135x 10

0=0.01917 rad.



Example 6/A steel propeller shaft isto transmit 4.5 MW at 3 Hz without exceeding a shearing
stress of 50 MPa or twisting through more than 1° in alength of 26 diameters. Compute the
proper diameter if G = 83 GPa.

P 4.5(1000000)
2nf 2m(3)
T=23873241 N-m

Based on maximum allowable shearing stress:

_ 16T
_— nd?
9 9
50 = 16(238732.41)(1000)

nd”
d=289.71 mm

Based on maximum allowable angle of hwist:

. :
e

o m ) _ 238732.41(264)(1000)
11807 ) -+ nd*(83000)

d = 352.08 mum

Use the bigger diameter, d = 352 mm



Example 7:

The gear motor can have developed 0.1 hp when it turns at 80 rev/min. If the
allowable shear stress for the shaft is tallow=4 ksi, determine the smallest
diameter of the shaft that can be used.

P=0.1x550=55 lb/s
a=80=27/60=8.377 rad/s

I =—2_=6.5655 Ib.ft
8.377
T=6.5655%12=78.786 Ib.in

F :J@—D2323 i]"l
mxdx10”

d=0.4646 in



Thermal Stresses:

A change in temperature can cause a material to change its dimensions. If the temperature
increases, generally a material expands, whereas if the temperature decreases the material
will contract. The deformation of a member having a length L can be calculated using the
formula:

5 =axATXL
5=tk =gxATXL
AE
or=bkxaxAT

o: Linear coefficient of thermal expansion. The units measure strain per degree of
temperature. They are (1/°F) in the foot-pound-second system and (1/°C) or (1/°K) in SI

system.
AT: Change in temperature of the member.
L: The original length of the member.

or: The change in length of the member.

Example 8/A steel rod is stretched between two rigid walls and carries a tensile
load of 5000 N at 20°C. If the allowable stress is not to exceed 130 MPa at -
20°C, what is the minimum diameter of the rod? Assume a = 11.7 um/(m-°C)
and E = 200 GPa.

= '3'1_ + ':'sr
i ak(AT) + ii‘_
g E AE
1 S000NSN p
5000 N 1 o = aE(AT) + Y
— L 130 = (11.7 x 107%)(200 000)(40) + :'Of’“
¥l
5 : .
A=20 _ iamag
36.4

-i— nd?=137.36; d=13.22mm



Example 9/: The rigid bar shown is fixed to the top of the three posts made of A-36 steel
and 2014-T6 aluminum. The posts each have a length of 250 mm when no load is applied
to the bar, and the temperature is T1=202C. Determine the force supported by each posts
if the bar is subjected to a uniform distributed load of 150 KN/m and the temperature is
raised to T2=802C. For steel a=12x10-6 1/2C, E=200 GPa, for aluminum a=23x10-6 1/°C,
E=73.1G

300 mm 300 mm

] 'y

--- — i ilﬁ,l (8.1, ¥ 1 ll ;¥ 1 ll ;¥ 3 ll ; 4 i} rISUKh'I";m
Initial Fmﬂ'j.i | - :

, ] L
0 y

A
L

Final Position 60 mm
— - 250 mm

_h
40 mm 40 smvm

P ;rwmmmmmffff o
Steel Aluminum  Steel

2F,=0 150 0.6 = 90 KN
2F +F,=90000 ................ (1)
3=(B)1-(8:0)r=(Bu)1-(Bu)s s :
're 'Fun' F-'.l

[oxATXL- 2 ~foxaTxL-fb

AE AE

F_x0.25 F. x025
12x107°%0.25%(80-20)- ~ ““ﬂ =23x10"%0.25%(80-20)- —
I{iiﬂxll]']}'x![]ﬂxlﬂﬂ E{ﬁnxm'-‘}!ﬂs,hm“

1.20956%107'F,1-0.994718% 10”F=0.000165 .......oecovveen, (2)

From equations (1) and (2)
F,=16444.7 N

Fy=122888.8 N



Example 10/: Steel railroad reels 10 m long are laid with a clearance of 3 mm at a
temperature of 15°C. At what temperature will the rails just touch? What stress would be
induced in the rails at that temperature if there were no initial clearance? Assume o = 11.7
um/(m-°C) and E = 200 GPa.

Temperature at which §r = 3 mm:
5=3mm or = aL(AT)
o 5r=oL(T;— T})
. 3 = (11.7 x 107)(10 000)(T7— 15)

R E | _ ,
| — spa T:= 40.64°C
Required stress:
&= 5]’
E
o= (IE{T:IS- T;]

g = (11.7 x 107°)(200 000)(40.64 — 15)
o = 60 MPa
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Definition of A Beam

A beam is a bar subject to forces or couples that lie in a plane containing the
longitudinal of the bar. beams. In regards to beams, if the reaction forces can be
calculated using equilibrium equations alone, they are statically determinate. On
the other hand, if the reaction force can't be determined using equilibrium
eguations only, other methods have to be used, and the structure is said to be
statically indeterminate.

Type of beams

: 111 ¥ vl ||
Cantilever beam : ey ﬁ

L&
Simple supported beam A 2.

01110 I
: =2t
Overhanging beam Overhanging Beam

Propped beam % QP
Propped Beam M
Ry R»

Fixed or restrained beam

AN

Fixed or Restrained Beam

Py Py
_ wy (N/m) w2 (m) 1 ,.M\ l
Continuous beam ,iw T

Continuous Beam




Types of Loading Loads applied to the beam may consist of a concentrated
load (load applied at a point), uniform load, uniformly varying load, or an
applied couple or moment. These loads are shown in the following figures.

lpi 3.‘1 w (N/m)
| | ’
L &
Concentrated Loads Uniform Load
wi “’r".,
M
| =
¢ abd < R
Uniformly Varying Load Applied Couple

Shear force (S.F) & bending moment (B.M) of smple support beam under an
axial load

Shearing force and bending moment diagrams show the variation of these
guantities along the length of a beam for any fixed loading condition. At every
section in abeam carrying transverse loads there will be resultant forces on either
side of the section which, for equilibrium, must be equal and opposite. Shearing
force at the section is defined as the algebraic sum of the forces taken on one side
of the section. The bending moment is defined as the algebraic sum of the
moments of the forces about the section, taken on either side of the section.



Sign Convention:

Forces upwards to the left of a section or downwards to the right of a section are
positive. Clockwise moments to the left and counter clockwise to the right are
positive.

o CED" "W

Procedure of Analyss:

The shear and moment diagrams for a beam can be constructed using the
following procedure: -

1. Determine all the reactive forces and couple moments acting on the beam,
and resolve all the forces into components acting perpendicular and parallel
to the beam's axis.

2. Specify separate coordinates x having an origin at the beam's left end
extending to regions of the beam between concentrated forces and/or couple
moments, or where there is no discontinuity of distributed loading.

3. Section the beam perpendicular to its axis at each distance x, and draw the
free body diagram of one of the segments. Be sure V and M are shown acting
in their positive sense, in accordance with the sign convention given as above.

4. The shear is obtained by summing forces perpendicular to the beam's axis.

5. The moment is obtained by summing moment about the sectioned end of the
segment.

6. Plot the shear diagram (V versus x) and the moment diagram (M versus x). If
numerical values of the functions describing V and M are positive, the values
are plotted above the x-axis, whereas negative values are plotted below the
axis.



Example 1. Draw the shear and moment diagramsfor the beam shown below

Afe B ¢ _ A B
N T N WQW‘ Id L:_,
1 1k s |
>Fx=0 Ax=0
>MC=0
PxL/2-AyxL=0 > Ay=PI2
>Fy=0

Cy+Ay-P=0 > Cy=PI2

e Segment AB
YF, =0 I )M

P
~-V=0 = .

: P
M=E:{
e Segment BC L v "

> F, =0

b | o
:



S.F. diagram

B.M. diagram

i

1
'
1
'
|

¥ y
max




Example 2: Draw the shear and moment diagrams for the beam shown below.

AN

INKEN IOKN

ZF. =0

F.=0 28

M =0

20 EN

4m

A X I2+10%10-20%8420%6 A |
+30=2=0

A=10 KN *
> F,=0 A
10-10+20-20-30+F,=0
F,=30 KN

s Sepment AB 0<x<2

3 F,=0D
10-V=0
V=10 KN
ZM:U
M-10xx=0
M=10x

s Segment BC lJex<d

Y F =0
10-10-V=0
V=0
T M=0
M-10x+1(x-2)=0
M=20 KN.m

s Sepment CD d<x<b

Y F,=0

dm
20 KN

Em

[0 EN




10EN

10-10+20-V=0

V=20 KN

Y M=0 k

M-10%+10(x-2)-20(x-4)=0 i ,-.,I

M=20(x-3) 3
10 KN

* Segment DE 6=x<10
10KN

10-10+20-20-V=0
V=0

Y M=0

M-10x+10(x-2)-20(x-4)+20(x-6)=0

EUKNT

M=60 KN.m
10 KN ™

o Sepment EF 0<x<12

»F,=0
10-10+20-20-30-V=0
V=-30 KN
Y M=0
M-10x+10(x-2)-20(x-4)+20(x-6)
+30(x-10)=0 ci

M=30{12-x) J'

2OEN

|

IDEN

5.

EI}HHT

L AN

X



ok 20KN  30KN

- AN
y

¥ ‘
A B C O 2 ;
b ;

10KN 4m . >
20KN

DOKN

10KN %

S.F Diagram | T . 5

: E = 30 KN '
20,
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Example 1: Draw the shear and moment diagrams for the beam shown below

Zru

wLEZ-A,L=0

it +B,,swL*ﬂ

.
.

Yyvevvvvvvvvevvwy”
B

FRCY

TR Ty

L |
™ I |
wil
A | [ R
4, 1 T
=]
A L B

W
F Y
1- [N
o
2
Maximum moment occur when ifﬂ =)
x
dx 2
L-2x=10
L
I=—
2
Location of maximuwin mwonient




L
2

B

L

) vvvvvvvvvevverey”

ol

S.F Diagram
B.M Diagram



Example 2: Draw the shear and moment diagrams for the beam shown below
F = 2*6*270=810 Ib

Z M; =0
- Ra (9) +810(5) =0
Ra=450 Ib

zMA =0
Rc (9) +810(4) =0
Rc=360 Ib

Segment AB:

y_ 270

X 6

y = 45x

1
f=5®0)

1 1/3 3
f =5 () (@5x) [t ;
f = 22.5x? | 'D [ERR
. s T~ ‘
=0
% b=
—Vyp —22.5x% +450 =0 e 6 ft

Vap = 450 — 22.5 x2

ZMAB =0

1
M,y + 22.5 22 (gx) — 450(x) = 0

M,p = 450(x) — 7.5 x3 |b. ft



Segment BC:
—Vgec — 810+ 450 =0
Vge = —3601b

Z:Mbc =0
Mg, + 810(X — 4) — 450(x) = 0
My, = 450(x) — 810(x — 4)

= 3240 — 360x Ib. ft

To draw the Shear Diagram:

(1) Vig = 450 - 22.5¢ is a second degree
curg; at x = 0, Vi = 450 bb; at x = 6
R.V.--BﬁO‘u

(2) Atx-a.V“-O,

450 - 22.5¢ = 0
22.5¢ = 450
=20

x =20

To draw the Moment Diagram:
(1)&. = 450x - 7.5¢" for segment AB is
dgamtx-o.&-o;
at x =20, My = 134164 bft; atx =

20
A C
§R e IR
Q'lﬁb &-mb
: i




Example 2: Draw the shear and moment diagrams for the beam shown belowe
F = 2*6*6= 18 KN
Vp,—18—20=0 '

Vp =18 + 20 = 38 KN N B ¢

] 3 ¢ Iw
ZMD = 0 N = 1

Mp-20(2)-18(6) =0

Mp=148 KN.m et A

Segment AB:



Segment BC:
—Vge —18 =0
Vge = —18 KN
ZMBC —0

Mg, +18(x —4) =0
Mg, = —18x + 72

Segment CD:
_VCD_18_20=O
Vep = =38 KN

Mcp + 18(x —4) + 20(x —8) = 0
Mg, = —38X + 232 KN

TO draw the shear diagram
1-Vyp = —%xz , Atx=0 Vap =0
At x=6 Vyp = —36
2-Vge = —18 KN
3-Vop = —38 KN

TO draw the moment diagram

133 ,atx=0 M,z =0

1-Mpp = — 6

at x=6 MAB = —36KN

2-Mp, = —18x+ 72, atx=6 My, = —36KN «

at x=8 MAB ==
—72KN

.

3-Mgp = —38X + 232KN  atx=8 My = —72KN
at xX=8 MCD - _148K
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