Mathematic (1)

1-1 Trigonometric Functions: 4tiall Ji gl

Given central circle with a radius (r), The point P(x,y) could be any point on
the circle then:

> Sineof 8 — sinf =

> Cosine of & — cos 6 = %
> Tangentof § — tan@ = 229 =~

cos @ x 4

> Secant of § — sec = — =£

A

v-axis

N N MKW;{,,,g >‘§ x X-axis
cos 6 : B =
> Cosecantof § — cscf = — = —
sin 8 y
> Cotangent of § — cotf = — ==
tan 6 y
From above triangle we can say:
r2=x%24+y? (pueld)
But: x =rcosf &y =sinf
1?2 = (rcosf)? + (rsinf)?
r? = 1r2c0s%0 + r?sin?0
r? =1r?%(cos*0 + sin?H)
sin®0 + cos?6 =1
Some trigonometric Identities:
> sinx+cos?x =1 ...................... (1)
> tan’x + 1 =sec?x  (cos?x e (1) dabaall Aand (4o A250)
> 1+ cot?x = csc?x (sin?x e (1) A Ualadll daid (0 4230)
» sin2x = 2sinx cosx
> C0s2x = cos’x — sin’x
» cos2x = (1—sin?x) —sin’x — cos2x = 1 — 2sin’x

2sin’x =1 — cos2x — = sin’x = %(1 — €0s 2X)
Also, cos?x = %(1 + cos 2x)

sin(x + y) = sinx cosy + cos x siny

sin(x —y) = sinxcosy —cosxsiny

cos(x +y) = cosxcosy —sinxsiny

cos(x —y) =cosxcosy +sinxsiny

YV VYV
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__ tanx+tany
> tan(x + y) " 1-tanxtany

__ tanx-tany
> tan(x y) N 1+tanx tany
» sinA.sinB = %[COS(A — B) —cos(A + B)]
» cosA.cosB = %[cos(A — B) + cos(A + B)]
» sinA.cosB = %[sin(A — B) +sin(A + B)]

e Provethat: sin’x = %(1 — cos 2x)

Right hand side =~ (1 — cos 2x )

N|R

[1 — (cos?x — sin?x)]
= % [1— (1 —sin®x — sin?x)

N |-

[1— 1+ 2sinx]

sin’x = the leftside = -~ 0.K.

Rualald) ) 30 lany Guld

+ (sin) G gl + (sin, cos, tan...) Js¥)

+ (tan) Sl c.uj\ + (COS) c.)\)]\ c.l)]\

4 & 5355550 210 ) Al sl A e i ¥ sl e 230 (6l 2ok f ddLal
(o 1088 5O DO & GB350

360=27T&270=37n&180=71'&90=§ o
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Sin J) adla Dlie L Al 35 55 LY 2an ao )l adgw s (277 & 1) AdeSall Ll 531 <
- ol ML‘)’\QALQS sin A&

cos(m+6) = —cosf 4l )0
tan(mr — 0) = —tanf S =l
tan(mr+ 0) = +tanf U &N

sin(mr — 0) = +sinf QL4 =0
sin(mr + 0) = —sin § &I &)l
cos(m+ 0) = —cosf G &)

sin(2r — 0) = —sin 6
tan(2mr — 6) = —tan 6

} & el AU
cos(2m — 6) = +cos O

-l Ly
Sin(-6) =-sin 6, cos (-0) =cosb , tan (-0) = -tan (0)
JI A Mia Lgiaiia ) A QS 53 L3Y1 dany g gdse (37”&2) Leatall U5 30 <
. €08 (o i o s e 585 Y @l Asin

gl¥) calide AL y)
T i
sin(z+9)=+c059 cos(§+9)=—sin6
i3 i3
cos(z +6) = — sinf tan(i + 6) = —cotf
S N RGP
sin(z—e) = 4 cosf tan(z—e) = +cotf
2 2
¥ @ Y @
 3m  3m
sm(7 —0)=—cosf sm(7 +60)=—cosf
G ) &
3 _ 3
cos(7 —60) = —sin6 tan(7 —60) =+coth
Gl i) )
3 _ 3
cos(7 + 6) = +sind tan(7 +6) = —cotf
&N N e

+ Some examples about Trigonometric Functions

sin 10x = 2sin 5x cos5x
cosdx = cos?2x — sin’sx

cos?7x = %(1 + cos 14x)

sin?15 = %(1 — co0s 30)

cos 330 = cos (270 + 60) = +sin 60
or cos 330 = cos (360 — 30) = cos30
sin 150 = sin(180 — 30) = +sin 30
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1-2 Functions: J/sa
1-2-1 the Domains and the Ranges:
(y) JAkis a8 22l ) (x) J4adall adll e 5% :Domain
Equation — y = f(x): 0S8 Aaladll apa
(X)d 4ais a8 226 ) (y)J ddall 4l Jlae 58 :Range
Equation — x = f(iy):0588 Aabaall a4

Domain and Range are divided in to bounded and Infinite Intervals:

Bounded Intervals

Infinite Intervals

Dt, :a<x<bor(ab)

3aasal) &l yiall Baasall pall &l yial)
1 |la<x<b -0 < x <00
a( )b — open intervals —00 « (0> o

Df: —o0 < x < o0 or (—00,0)
Or R (all real number)

2 las<x<b
a[ ]b — close interval
D¢, :a <x < bor [a,b]

a<x
(a > o0
Dt :x > a or (a, )

3|lasx<bh asx
Al: )b — half-open interval [a—00
Df, :a<x <bor|a,b) Dt :x > aor [a, ™)
4 la<x<bh x<b
a( |b— half-open interval —00 « b)
Dt, Ri:a < x < bor (a,b] Dt :x < b or (—,b)
x<b
—0o0 « b]

Dt, :x < b or (—oo,b]

Examplel: y= f(x) =x+15
Ds: R

To find the range:- Re- write the function as x=f(y)
y=x+15->x=f(y)=y—15
~Df:R

» APPENDIX Trigonometric Function 4
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Example 2:

x-2
byl 5x—2#0->x#*2 — & Di:R/{2}
To find the range: - Re- write the function as x=f(y)

3
X —2

y = - yx—2y=3

3+ 2y
y

yx=3+2y->x=f()=
~ Re: R/{0}

Example 3:
y=+x—-1 (LA ) Ldal) a2l Al oS5 0 Homa Y
Lyl Hsx—-1>20->x2>1
Di:x: X=1o0r[1,0)
To find the range:- Re- write the function as x=f(y)
y=vx—-1-y?=x-1
x=y%+1
Re:y: Y= 0o0r [0,00) Al & Al allall oY hid jicall 54 sall 2l 330

4

Example 4:

1
x—1

Lyl 5x—1>0-x>1
De:x:x > 1or (1,o)

To find the range:- Re- write the function as x=f(y)

» APPENDIX Trigonometric Function
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- Ry Viy> 0 A 540 Al o ALY A Y dasd A gl Al 220

Example 5:
y =V1—x?
[++ + + +]
* 2 + O "“ >
Lyll»1—-x%>0 r=—1 -1 +1  Hi=x
(1—x)(1+x) >0 “hExsd

<l a8l Ll g A sy e — o Df: —1<x < 1or[-1,1]
To find the range:- Re- write the function as x=f(y)
y=Vvl—xZ-5y?=1—x?
x2=1-y?>x=,1-y2
Lyl »1-y2>0
1-y)A+y)=0
<l a8l Ll g A sy e — & R 0<y < 1o0r][0,1]
Example 6:
y=x+i X+0

Dr: R/{0} ol Jlae odalsi Jiala s JSI Al Jlae

241

To find the Range: y=x+%—>y= . S>yx=x%+1
x2—yx+1=0 dalall Al — ax? + bx +c =0
— Vbh2—
a=1&b=-y & c=1 Dl 4 5l sz
_ YEJy?-(4x1x1)
2+1 + +4+ (------) + ++
Lyl >y?2—4>0 x=-2 -2 2 +2=x

—2=x=2

y—2)y+2)=0

ZJ\-\S\MJOA R y=>2Uy<-20rR/(-2,2)
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Example 7:
y =vVx? —3x

Lyall »x2—-3x>0 ++++0[-——-13++++

x(x—=3)=0 - -
AW auy v —Dr: x=>3Ux<00rR/(0,3)
To find the Range:
y =vVx2 —3x 5 y%2 =x2% - 3x
x2=3x—y%2=0
a=1&b=-3&c=—y? sullds h Lol da jall e dalaal) Ja

_ 3+/9-[4x1x(=y?)]

2
) — 943y >0

Rr. y = 00r[0,0) Dl (e bl il el oy 1305 3 3a Al e A Jaal
Jiaal)
Example 8:
Find the domain only for y = vVx —3 + V3 — 2x
Vx-3 + +V3-2x
! )

Dfil=>x-3=20 —x=>3
+++3/2]------- [3+++

3
Df2=> 3—-2x=>0> 322x—>22x - N

Sl Hual s Jsall Qe ey o v Df= @ Alld dgas (DfHNDf2) =9

Example 9: Find the domain only for

y=vVv4-—-x++vVx-1

]
=Vd—x V-1 « o >
\ \ F 2
4—-x2=>0 x—120 Dii-1<x<4or [14]

» APPENDIX Trigonometric Function 7
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4>x x=>1
<l il jialy Jedll Jaw sy (0 o Dii-1 < x < 4or [14]

Example 10:

L

Find the domain only for:- .

x-1 +1 Tt o4
—-X

y:

»

Il
L

i

X—

Y= Vi
Dfl=>x—-1=20=>x2>1
Df2=4—-—x>0=>4>x

Di:-1<x<4or [14)

Note: the domain and the range of any function could be found also by graphing
the function itself.

The projection of the graph of a function (f) on the x-axis is the domain (Ds) and
on the y-axis is the range (Ry). Y-axis

Example 11:y = x + 1 ymaEl \

Df: R < / J —  X-axis

R+ R

; Y-axis
y=x A
Example 12:y = x?
« » X-axis
D R
Rf: R v
Y-axis

Example 13:y = sin x

. CANAA T
De: R X-axis +——— e
Re=[-1,1] \‘/ \/ \/ =-

» APPENDIX Trigonometric Function 8
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Example 14:

y = 2sinXx
Ds: R
Ri=1[-2, 2]

Example 15:

y =2+ 3sinx
Ds: R
Rf = [-1, 5]

Example 16:

y = sin’x
DfZ R
Rf = [O,l]

Example 17:

X-axis =

Y-axis

A

. y=.2
y = —2sin®x W
- AXIS

&

D R
Rf = [-2,0]

Example 18:

y = COS X

» APPENDIX Trigonomet
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Dt R

Re=[-1,1]
1-2-2 Even and odd Functions: 4z al Jisall g dua g 30 Jigal
A function (f) is called:

» Even if — f(-x) = + f(X)
» 0dd if — f(-x) —f(x)

Examples:
1) y=x2
f(=x) = (—x)? = x?2 = +f(x) - even function
2) iy =x3
f(=x) = (—x)® = —x3 = —f(x) > ~ odd function
3) y=8
f(=x) =8 — .. even function

Note (1) : Forall x € Dx:

» Even if — the function is symmetric about the y-axis.
» 0dd if — the function is symmetric about the origin.

Examples:

Y-axis Y-axis Y-axis
y=X 4 y=X ‘\ y=8 v: A
K j » X-axis L» X-axis < » X-axis

4 v v

Even Function Odd Function Even Function

Note (2) :
> 0dd + 0dd = 0dd & Even + Even = Even

» 0dd * 0dd = Even&Even * Even = Even
» 0dd/Even = Odd = Even/0dd
» 0dd = Even = 0dd = Even * Odd

» APPENDIX Trigonometric Function 10
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Examples
1) y=sinx
Odd function (symmetric about the origin)
2) y=cosx
Even function (symmetric about the y-axis)
3) y=tanx
sinx 0dd
Y= COS X - Even

= 0dd function

x2+x%

4) f(x) =

x+sin x
even + Even _ Even
Odd + 0dd  0dd

f(x) = = 0dd function

5) f(x) =x3 -2
f(x) = 0dd — Even = neither Even nor Odd
x34+x5
6) f(X) " sinx+2
0dd + 0dd

f(x) = 0dd T Even neither Even nor 0dd

1-2-3 Limits of a function: <l

Y-axis
Definition i
y = f(x)
lim f(x) = L Mean that when a value of (x)
x—a

Close to (a) =f(x) approaches the limiting value (L).

lim f(x) =L Mean that (x) approaches (a) from thi

x-a+ > X-axis

lim f(x) =L  Mean that (X) approaches (a) from tf

xXx—-a—

Note:

» APPENDIX Trigonometric Function 11
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If Iim f(x)=L = 11m f(x) = L we say that 11m f(x) = L exist,

x—-a+

Otherwise the limit doesn’t exist.

Example 1:

2
Find li when _|x*+1 whenx =1
Jucllll1 f(x) f) 3 whenx < 1

xllr?_f(x) = xllr?_(xz +1) =(1*+1=2
lim f(x) = hm(3—x)—3—1—2

x—->1+

v lim f(x) = lim f(x) =2 -~ lim f(x) Exist
x—1— x—-1+ x—1

Example 2:

Find 1 where = [x*+1 whenx =0
1mf(x) fx) = X whenx < 0

lim f(x) = hm(x +1)=0+1=1

x—-0+

lim f(x) = lim (x) =0
x—0— x—0—

v lim f(x) # lim f(x) = - lim f(x) Doesn’t exist
x—0+ x—0— x—0

Properties of Limits: <l gaibad
Let: lim f(x) = L1
xXx—>a

lim g(x) = L2
xX—a
K is a constant, then:

1) lim[f(x) £ gG)] =lim £(x) £ lim g(x) = L1 £ L2

2) im[f(x) * g(x)] = lim £ (x) * lim g (x)

,
3) lim f(x)] _ 2! but hm gx)#0

x—a Lg(x) 11m gx)
4) limK * f(x) = K * lim f(x)
xX—a xX—a

5) imK = K

X—a

» APPENDIX Trigonometric Function
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6) limx =a
xX—a

7) hm——O and lim Vx = o

x—00 X X—00
. 1 . 1 .4

8) lim ==+ owand lim == —o0 butlim==0
x-0+ X x—0—X x—-01

9) limsinx =0 ; limcosx =1and limtanx =0

x—0 x—0 x—0

10) lim 2% =1 and lim-2=1

x->0 X x—0 Ssinx
11) lim22£ =1 gnd lim 1

x->0 X x—0 tanx
12) lim =% =

x-0 X

R < N . x?
13) }cl—r}é sin (m) = sin (}cl—r>r¢11 m)

Note: sin or cos or any trigonometric function is the same

14) chl_r)r(ll V) =" llm f(x) and llm— lim 2

xX—-a X x-aX

Note:
Undefined expression in limits:

,0 % 00,00 % 00,00 — 00

but we can say o + 00 = o

seblad) Abid Ja & el (Saall Jad) qullad

ayma il S il oy el (1

Adilie JI 9o o) il 131 38 yally oyl o Adliaall Jidaill (5 5k alasinly (2

Ailie J) g il 13 13 (9 e pailiadl) alasiuly (3

:dall 3k &3 ellligh x — oo il 1A (4
Qiéx—)Oo\.A.A.'u;j)SA%QSJJﬁi)#A‘;\xdF@&d\}J@\SB\ N
y—0
Al 3 sm s Gl S e s 4y S J) g cailS 1) Ll
& ol S Jlsa I L sad Al Cund 540 HuS e J)pa S 1) BIE
paall (83 gl HS) e ands &5 (38 all

STl iy yha aladiuly (5

Evaluate the following limits:

» APPENDIX Trigonometric Function
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Examples:

x—-Dx+1)

w1 (x+1)

x—1DE*+x+1)

=limx—-1)=-1—-1=-2
x-1

— T — i 2 _ _
—}(l_r)r% x—1) —}(1_r)r}(x +x+1)=1+1+1=3
. X
4)!}_1)1(}1—\/1—x
X 1+v1—-x

Al (381 50 & o yuial)

= lim

x—-01—-V1—Xx * 1+vV1—Xx
x(1+V1-x) li

= I i

sin 3x

5) lim
x—0 X
sin 3x

= lim
x—-0 X

)
. sin“3x
6) lim
x-0 xZ
sin?3x

x-0 1-1+x x—0

> 1x3=3
k — = ES =
3

3%3
=9x1%x1=9

= lim >
x—0 X

sin 3x

7) lim

x—1 sin 5x

) 3x
sin 3x * 3y
= lim

x->1 . 5x
sin 5x * =—
5x

sin?x

8) lim

E3
3%3

5

sinx sinx
* lim

= lim

o0 X(1+cosx) x50 x  x-0(14cosx)

0 0
k — =
2

» APPENDIX Trigonometric Function
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. 1—cosx

9) lim——

x—0

1—cosx . 1+cosx _ .. 1—cos?x

= lim =imm-——-——-
x—0 X 14+cosx x—0 x(1+cosx)

sinx sinx sinx

= lim = lim * lim ———— =
x>0x(1+cosx) x50 x  x-0(1+ cosx)

10 0
* — =
2

10) lim32X

X—=TT X—TT
Assumey =x—-—nm=>x=y+m

when x > m=>y -0

y—0 y y—-0 y y—0 y

. cosZ
11) lim 2z
x—2 X—2
. (Tl T
Sin|\= ——
— lim (2 x)

x-2 X —2

Assumey=x—-2=>x=y+2

when x > 2=y-0

sin (n T ) sin (yn + 21 — Zn)
2 y+2
= lim y+ = lim 2y +2)
y—-0 y y—0 y
sin( 4l ) n
im0 t+2)) 2y +2) T T
y—0 y T y—0 Z(y + 2) 4

2(y + 2)

Example 11: lim x sin (;)

X—00

1 1
Assumex =-—-y =-
y x

when x >0 =y -0
.1,
= lim - sin 2y
y—=0 Y

» APPENDIX Trigonometric Function
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=lim sin2y 2 _ 2
y—-0 Y 2
(c0) I e o) J18Y/

. 4x3-2x%+1

Example 12: lim ==~
x>0 3x3-5 D) oS Jla b cidaadle
4x3 xZ 1 ‘ood\u—ou‘_)-\gy‘j:\i)us
i X5 % T _4 58I e Al davall andis
x—  3x3 5 3 RER N

FR

Example 14:lim (Vx2 + 2x — x)

X— 00

= lim (v/x2 4+ 2x — x) *
X—00

Vx2 +2x +x . x? + 2x — x?
= lim
Vx2 4+ 2x+x 0 Vx2+4+2x+x

& 2
= lim X =Z=1
o X 2x ox 2
x2  x? X

Continuity of a function:

Continuity of a moving particle on a single path without unbroken curve, gaps,
jumps, or holes such curve can be said to be as continuous.

Y-axis A

¥ = f(x) ¥ = fix)
T T,

> X-axis > X-axis
| - l

a

Figure (1) continuous function Figure (2) not continuous function

A function is said to be continuous at x = a if the following are satisfied:

1) The f(x) is exist or defined.
2) lim f(x) exist.
xX—-a

3) lim f(x) = f(a)
Otherwise the function is not continuous.

Example 1: check if the function is continuous at x = 5,&x =0
where f(x) = x*—1 Whenx=>5

X Whenx <5

» APPENDIX Trigonometric Function 16
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atx =5
f(5)=(5)2—1=24
lim x2—1- lim 25—1 =24

xX—5+ x5+

Lim - lim 5=5
X—5— xX—5—

i 160 Jip £0
The limit does not exist, therefore the function not continuous at x = 5
Atx =0
f(0) = does not exist, therefore the function not continuous at x = 0
Example 2: Find the constant (a) and (b) if the function is:
x>’4+a Whenx=>0
3+b When—1<x<0

f(x) =
x+5 Whenx < -1

And the function is continuous at x = 0 and x = —1

f(0)=(0)—-a=a

lim x2+a=a

x—0+

lim 3+b=3+0b
x—>0—

lim x+5=4
x-1—

The limit must be existso4 =3+ bthenb =1

Then the function equal the limit value 4 = 3 + b then b = 1 substitute in
equation (1) thena=3+1=4

x%+3x-10

Example : For x # 2 the function is equal to — find the value of

f(2) to make the function continuous at x = 2.

The limit to be exist must be equal from the lift to the right so:

2 _ -
limx +3x—-10 > lim (x+5)(x—=2)

x-2  xX—2 x-2 (x—-2)

» APPENDIX Trigonometric Function
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lirr%(x +5) =7 Tobecontinuous then:  f(x) = lirr% f(x)=7
X— X—

1-3 Equation of straight lines and circles: Y-axis

&

A. Equation of Straight lines: (xz;},z)
» The slope (m) of a straight line passing through (xl,y/,)éﬁ
points (x1, y1) & (X2, y2) is: Ax :

Ay _ y2-y2 r yl-y2 »  X-axis
Ax x2—x1 x1—x2

m =

» The equation of a straight line passing through
(x1, y1) and has a slop (m) is:

y=—yl=m(x—x1)................... (the point — slop equation of the line)
» The general formula for the equation of a gl

straight line with a slope (M)

y—yl =m(x —x1) ©,b)

y—b=m(x—0) .

y=mx+b............... (the point — ——

intercept equation of the line)
Note 1: Two lines are parallel if and only if they have the same slopes.
L1 parallel L2 if m1 = m2

Note 2: Two lines are perpendicular if and only if they have the product of their
slopes is (-1).

L1 perpendicular L2 if m1 X m2=-1->ml = ;l_;

Example 1: Find the equation of the line passing through (-2,-1) & (3,4) 2\

_y2-yl 4+l
T x2-x1 342

Using (—2,—1) we find:

y =yl =m(x —x1)

y+1=1(x+ 2)

y=x+1

Orusing (3,4)wefind: y—4=1x—-3) ~y=x+1

» APPENDIX Trigonometric Function 18
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Example 2: Find the slope and y-intercept for 8x + 5y = 20

8x + 5y =120
5y = —8x + 20
y=_?8x+4
m="8&b=4

Example 3: Find the equation of the line passing through the origin and the
point of intersectionof > x+y=2&L2 > 2x—y=-57?

X+y=2-ox=2-y
22-y)—y=-5
y=3->x=-1

The point of intersection (-1,3)

_ y2-yl _ 340 _
T x2-x1 -1+0

Using (0,0) or (-1,3) we find:

y—yl=m(x—x1)
y—0=-3x—-0)->y+3x=0

B. Equation of circle: Y-axis

The equation of a circle centered at (h, k) and
has a radius (r) is: A

(x—h?+@y-k)?=r?

Example 1: Find the radius and coordinate
of center for:

x2+y2+4x—2x—2y+1=0
x2+4x+4=4+y>—-2y+1=0
x+2)x+2)—4+@y-1DHy-1)=0

» APPENDIX Trigonometric Function 19
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(x+2)2+@y—-1)?%=4
The coordinate of center is (-2, 1) and the radius is (2) unit length Or

x2+y2+4x—-2y+1=0 -eqx*+y*+ax+by+c=0
h=""=—2 Sh="W
—-(=2)

2
k=" -1 sk ="
2 2

r=J(=22+1)2-1=2 ->r=vh*+k*—c

Example 2: Find the equation of the circle centered at (1, -2) and passing
through the point (7, 4) ?

d =r=./(Ax)% + (Ay)?
=J(7=1)2+ (4 +2)2
=+/72 unit length

The equation is:

(x—1D2+(y+2)?2=72

Example 3: For this equation: 3y? — 12y + 3x? + 6x = 18 find:

» The center and the radius of the circle.

» The equation of the circle.

» The area of the circle.
3y2 — 12+ 3x% + 6x =18
[3x?+3y?+6x—12y—18=0] + 3
x2+y2+2x—4y—-6=0

h==—@_-@_ qepr="®_=»_,
2 2 2 2

The point of the circle is:
x+1D2+(@y—-2)=11
The areaof circleis: A =mr? =3.14+11 = 34.54 unitarea

Ex: Find the slope (m) and y-intercept (b)

1) 8x + 5y = 20 2)x =2y =4
5y = —8x + 20 2y =x—4
8 20 1 4
yE=TErES Y=32F s
y=mx+b m=2
wom — 8 24
sMm=Ty b=—-=-2
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pb=2=14
5

Ex: Find the equation of the line passing through the origin and the point
of intersectionof Ly:x+y =2 and L,:2x—y = -5

x+y=>2
2x —y =—5
3x =—-3-5x=-1->y=3-(-1,3)

Ay 3-0

= = = :—3

Ax -1-0
y—yo=m(x—x)—>y—0=-3(x—-0)
Note:

¢ Two lines are parallel if and only if they have the same slope L,//L, if
m1 - mz
+ Two lines are perpendicular (orthogonal, vertical) if and only if the product

of their slopes is (-1)

. 1
L,BL, if my*m, =—=1orm, = ——
2

A) Circle: the equation of the circle with a center ( h, k) and has a radius (r)
is(x—h)?+(y—-k)>=1r2
(x—2)>+(y—-k?>=9 Dbl Caai 5 38 sl aa )
3=, (2,-3) A
x+2)+y+3)°=16  4=3G,(-2,-3)5
Ex: Find the radius and coordinate of the center
x2+y2+4x—-2y+1=0
x* +4x +y* -2y =-1
x2+4x+4—-4+y*—-2y+1—-1=-1 xdﬂbm% e ok 5l

(x+2)2—4+(y=1%2—-1=-1 ol @
(x+2)2+(@y—-12=4 - (=2,1),2

Ex: For what value of k does the circle (x — k)? + (y — 2k)? = 10 pass
through the point (1,1)

(1-k)?*+({1-2k)?=10
1—-2k+k?+1—4k+4k*—-10=0
5k?—6k—8=0

Gk+4)(k—2)=0 eitherkz—g or k=2

Ex: Find the equation of the circle centered at (1,-2) and passing through (7,4)
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r= ol G 3ladl /(7 = 12 + (4 — (=2))2 =V72

The equationis (x — 1)? + (y + 2)? = 72

H.W:

+ Find the equation of the circle that passes through the points A(2, 3),
B(-4, 3) and C(3, 2).

+ Find the equation of the circle which passes through (10, 2), (9, -3) and
the center of the circle lies on the y-axis?

(0,K) JSa) ciLdlan) ) g 134

(2) Differentiation
df( )

We call that derivate of the function f(x) as /" (x), —— or & — Y ory'

s The derivative of a function at a point x = a is the slope of the
tangent line to the curve.
Al diie = ulaall Jae ulail) s aie
Ex: Find the equation of the tangent line to the curve  4.x*
y =x%?at (2,4) \

d
dx

m=2=2+2=4at(24)
(2,4) Culaall Alas (i
y—ye=m(x—2x) ~y—4=4(x—2) (2,4) e (eladl Aalas

(,,\»)\

Ct;“\

2-1 Properties of the derivative

1) % (c) = Owhere c is a constant
2) = [f() £ g@)] = (&) £ g'(x)
3) = cf(x) =cf(x)

4) — [f(x) g = fx).g'(x) + g(x). f(x)

)if(x) _ g).f (x)—f(x).g (x)
dx g(x) [g(x)]?

6) % (x%) = ux¥1
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7) % (sinx) = cosx

8) % (cosx) = —sinx

9) % (tanx) = sec?x
10)% (cotx) = —csc?x
11)% (secx) = secxtanx
12)% (cscx) = —cscx cotx

Example: Find % for the following
Sy=x?(x3+2)2y =x2CBx®) + (x3+2) * 2x

o _3 o = x*%0—3%1 3
*y x y x2 x2

ORy=3x"1=y =-3x"2=—-=
%y =tan’x =y = 2tanx.sec?x
%y = sin?x3 = (sinx3)?

y' = 2sinx3 cos x3 * 3x?
%y = /sec(3x3) = y = (sec(3x*))'/?

y = %[sec(3x3)]‘1/2 * sec 3x3 tan 3x3 * 9x?

%y = \/sec(x cosx) = y = [sec(x cos x)]*/?

y = % [sec(x cos x)]~1/2 * sec(x cos x) tan(x cos x) *

[x(—sinx) + cosx (1)]
%y = tan? (cos %) = [tan (cos 1)]2

X

. 1 1 1 _
y' = 2tan (cos;).sec2 (cos;)*—sm;*—x 2
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2-2 Higher order derivative
ing &Y — 26 _ 3yt
Find — for y = x* — 3x™ + cos x

y' = 6x° —12x3 —sinx

w_ 4 _ 2 _ ax _
y =30x* —36x° —cosx ol
“ 3 : dady _
y  =120x> —72x +sinx ol
y™ = 360x% — 72 + cos x
Chain rule:
d dy
Ify = f(t)and x = g(¢) then > =L
dt
_ — y _dy at
If y = f(t) and t = g(x) then T o
Ex:ify =sint ,x = cost find £
dx
dy
d_y_E_ cost _
dx 9 _sint cott
dt
Ex: Find X ify = t% and t = x? + 2
362, % = 2x
dt dx
vy _dy dt _ 342 — (2 2
dx—dt.dx—Bt *2x =3(x*+2)“*2x Or

y=(x%+2)3 bl jasily

L — 3(x2 +2)? * 2x

dx=
., d%y. 2 4 2
iFlndﬁlfyz(t + 1D*x=t“+5

ay _ 2 3 ax _
dx—4(t + 1) *Zt,dt—Zt

» APPENDIX Trigonometric Function
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dy % _A(t%+1)3«2t 4(t2 N 1)3
dx o % — 2t o

d?y %(%) _12(e2+1)%s2t

dx2 Z_x o 2t
t

= 12(t% + 1)?

. dy
d’y _ 4y _ ar

dx?  dx  9x

dt
2-3 Implicit differentiation  Aaall GaLay)
We differentiate both sides with respect to x
iFind% if x24+xy+y—x=0
2x+xy +y*x1+y —1=0
2x+y—1=—xy —y

2x+y—-1=y(—x—-1)

« _ 2x+y-—-1

—x—1
EX:siny + xsinx =1
cosy*y +xcosx +sinx =0

Yy COSYy = —X COSX — Sinx

—X cosx—sinx

y = cosy

If 2 42 = acy 1
Ex:If x“+y —1showthatdx2—

2x+2y+ 2 =0=2y2 = —2x

dx
dy  2x X
dx 2y o y
d x
aty _ vy vH5)
dx? y2 y2
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+_ AR
ay _ YTy _ Ty
d’y _ y*+x? 1

EXx: Find the equation of the tangent to the curve
y = sinVx at (m?,0)

@ _ R 1__1 2
dx—cos\/E* = cosm * — = —— at (n?,0)

2vx

y—yo=mx—x)=>y—0=——(x—m?)

2-4 Application of Derivatives:-

Increasing function when f*(x) > 0 Laa se AL
Decreasing function when f*(x) < 0 Al danial)

Horizontal tangent  f"(x) = 0 Lexie
(oSally 5l dailite ) syl Fie (e et AN ) 5 880 AN Gulaa o e 38
Ex: Graph the functiony = f(x) = x> —3x? + 4
sl aa adalal) dalss ana (1
Whenx =0=>y =4= (04)
Wheny=0=20=(x+1Dx-2)=>x=-1=(-1,0)

x=2=(20)
Dia il dlan ge oW1 i) Wb () S5 Al cal il ans (2
NP _
y =3x°—6x =3x(x —2) tteg — @t T
0 2

Al Al aa 3

y =6x—6=>x=1
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~rODNPMOK

WN P O X

Ex: Graphy = x2 +2x + 3
y=x*+2x+1-1+3=y=

(x +1)%+2

—V

7—\<‘As

2y

» APPENDIX Trigonometric Function
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Ex: Graphy =x?+2x+3=x?+2x+1—-1+3
y=(x+1)>+2

Y =Cxay = 2 4\‘5/
- 2 y \ \/
[\
V4 \ 2 X

\ X (-\: ‘b

(;PGP\\ j =\ X—‘\\
Ex: Graph y = —sin(x—g) + 3

R

AN

=< W2 B Y : £ x

» APPENDIX Trigonometric Function
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Q1: A body moves in a straight line according to the law of motion
s=1t3—4t? -3t

Find it’s acceleration at each instant when the velocity is zero.

d d
v=2"=3t2-8t—-3,a="=6t—8
dat dat

0=3t2—-8t—-3=>0=GBt+1)(t—-3)
-'-t=—lort=3

3
~a=-10o0ra =10

Q2: Find the velocity v = % and acceleration a = %

1) s =2t3 -5t + 4t -3
2) s = gt?/2 + vet + s, (g, vo, So constants)
3) s = (2t + 3)?
Q3:Findy and y™
1)y = 2x* —4x? — 8
2) 2y = 6x* — 18x% — 12x
x4 x3 xZ
3)y—:—?+7—x+3
4)y =(Bx—1)(2x +5)
5) y = sin3x.tan®(x + 2)%.Vx — 1

1 .
6) y = SecGZy ) where h is constant

» APPENDIX Trigonometric Function
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(3) Integration
1) [dx=x+c

2) [(f() £ g() dx = [ f(x)dx £ [ g(x)dx
3) [ k.f(x)dx =k [ f(x)dx where k is constant

n+1

+cn#-1

4) [ xdx ==

n+1
5) [T =Inlx|+c
Ex: Evaluate the following integrals
3 2
1) [(x* + x)dx = [ x?dx + [ xdx =%+%+C
2
2)f4xdx=4fxdx=4x?+c=2x2+c

_(x2+1)6

3) [(x? + 1)°.2xdx = —+c

4) [(x3+3x+5)(x* + 1)dx
= [(x* +3x +5)(x? + D 2dx

1 (x3+3x+3)?

+C
3 2
2
5)fx7+xdx=%fx2dx+%fxdx
3 2
==+ +¢
21 ' 14

d —4
6)fx—§=fx‘5dx=x_—4+c=—4—;+c

» APPENDIX Trigonometric Function
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3-1 Integration of trigonometric function
Since %(sin x) = cosx then [cosxdx =sinx+c
Similarly for other trigonometric function

1) [cosu du =sinu+c

2) [sinu du=—cosu+c

3) [ sec’u du =tanu +c

4) [ csc?u du = —cotu + ¢

5) [ secutanu du = secu + ¢

6) [ cscucotudu =—cscu+c

sinu

7) [tanu du = [ ——

dx =—In|cosx | +c

8) [cotx dx = [=Zdx =In|sinx |+ ¢

sinx

9) [secx dx =In|secx +tanx |+ ¢

10) [ cscxdx =1In| cscx —cotx | + ¢

EX:

1) [ cos3x dx == [ cos 3x * 3xdx = ~sin3x + ¢
3 3

2) [sin7x dx = —%cos7x+c

3) [sec?(x +3)dx =tan(x + 3) + ¢
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4) [ cot2x.csc2x dx = —%f—cchxcoth* 2dx
= —%csc2x+c
5) [ xsin(2x?) dx = ifsin(sz) * 4x dx
= —icos 2x% +c

6) [ 2sinxcos x dx = 2 [(sinx) cos x dx

2y

+c =sin’x+c

2

Definite integrals:-

b
J, f(x)dx
a Is called the lower bound
b is called the cupper bound

properties of definite integrals:-

1) [{f(x) dx=0

3x343x%2-2
EXx: fg de =0

2) [ f(x) dx = — [ f(x) dx
iff’ 2x dx = =2 fglxdx
3) [ f)dx = [ f(x) dx + [ f(x) dx

iff 2x dx = flz 2x dx +f23 2x dx

» APPENDIX Trigonometric Function
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8) [T kf () dx =k [ f(x) dx

5) J; (F(0) £ g()) dx = [} f(x) dx + [ g(x) dx

6) If (f) is even function then

JE, f@)dx =2 [ f(x) dx
Ex: [*,(x? —5)dx =2 [(x* — 5) dx

7) If (f) is odd function then
[2 fx)dx =0
4

J_,2xdx =0
Find the curve whose slope at the point (x,y) is 3x?2 if it passes
through point (1,-1)
da
d—z=3x2=>fdy=f3x2dx
y=x3+c
—1=14+c>c=-2
y=x3—2

Find the curve whose slope at the point (x,y) is xVx? — 1 and passes
through point (2,3)

y=fx\/xz—ldx:yzéf(xz—1)1/2*2x

» APPENDIX Trigonometric Function 33



Mathematic (1)

y=s@?-1)%2+c

3=-(4—-1)2+c=>3=:(3)*2+c

c = 1.268

Find the velocity of acceleration of a particle whose position function

IS

1 —
s(t) = yTYee when t=2
Examples:

1 2x3
1) [-,(2x* = x%)dx = % — x:]ll

R R O N
3 4 3 4 3

(1+2)-G+%)=5

3) Sy =1, x72dx = 2V = 2(VE — V1) = 2

4) fOZ(Z — x)%dx = foz 4 — 4x + x*dx

Ay — 221 2 (a_qi8)_8
=4x—2>+ 5 13=(8-8+2) =2

Evaluate the following integrals:-

COS 2x _ , -3 2
1) [ dx = [ cos 2x * (sin2x)3dx * -

sin32x

1 (sin2x) 2
2 -2
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Or [S252% gy = [S52% 1 {dx = [ cot2x * csc?2x dx

sin32x sin2x  sin?2x
1 (cot 2x)?
= -z +c
2 2
cOS 2X _>
[=—= = [ cot2x * csc 2x * csc 2x dx * —
sin32x -2
1 (csc2x)? vy e
=—-———+c Or H=iliyh

Lety =sin2x = dy = cos2x * 2 dx

d
7y=c052x*dx

fc052xdx_fdy/2__fdy lfy_3dy

sin32x

_ 1y~ 2 _ 1(sin2x)” 2
=-—+cC —+4c

2 -2 2 -2

cosx dx COS X . _1
2)fm f(1 prntYE = [(1 —sinx) 2z cos x dx

_ (1-sin x)1/2 L
1/2

3) [V1 —sinxdx * 1+Sinx:fl;mzxdx

V1+sinx V1+sinx
1 ; 1/2
= [(1+sinx) "z * cosx dx = %+ c

4) [ cos33xdx = [ cos?3x.cos3x dx
= [(1 — sin®3x) * cos 3x dx

= [ cos3x dx — [ sin®*3x cos 3x dx
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1 sin33x

=—sm3 +c

Evaluate the following integration:

(Zz+1) dz 1 2
)IW f2(z+1)(z 4+ 274 2) 3dZ

2

(z2+2z+2)3

= — % ——m
2 2

3

2) fsiig = fcsczgde [ csc?0 = —cot B

3

= —3f—§csc2§d9 = —3cot§+c

3)f sin?x dx _f Vsin2x do
14+cos x J1+cosx

1
= —[—sinx (1 +cosx) 2dx

1
(1+cosx)2

=——F4cC
2
COtx l 2
4) | 5o dx = — [(cotx)z » —csc?x dx
3
_ (co';x)i Lo
2

5) [ sin(tan 8)sec?60 do [sinxdx =—cosx+c¢

= —cos(tan @) + ¢ %fosinxzdx=%>I<—cosx2
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6) [(tan 6 + cot0)? d6
= [(tan?6 + 2tan 6 cotO + cot?6) db
= [tan*0 d6 + 2 [ dO + [ cot?0 do
= [(sec?0 —1)dO +2 [dO + [(csc?*6 — 1) db
=tanf6 — 0 + 20 —cotf — 0 + ¢
=tan 6 —cotf + ¢
cos2x = cos(x + x) = cosx cosx — sinx sinx

CoS 2x = coS%x — sin’x

1—cos2x
2

cos2x = 1 — 2sin’x - sin’x =

sin2x = 2sinx cosx sin(x + x) = sinx cos x + cos x sin x
7) [ sin 2t (cos?t — sin®t) dt

= [sin 2t cos 2t dt = %f 2(sin 2t) cos 2t dt

__ 1 (sin2t)?
T2 2

+c

1—cos @

28 4o
8) [sin®- do = [ do
=2[(1-cos0)do =2 [do —2[cosgdb
= cos = —~J cos

=19—lsin0+c
2 2
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tan@
cos xvl1+secx

9 J

1
[secxtanx (1 + secx) z dx

1
1+secx)2
= (tsecr)? 1)+c

2

10) f(\/}+\/%)dx=fx%dx+fx_%d

QL1: Evaluate the following integrals:-

1) [cos?x (2 + sinx) dx = [ 2cos?*x dx + [ cos®xsinx dx

f 2 1+cos2x

dx + [ cos*xsinx dx

cos32x

=x+%sin2x— +c

2) [ sec32xtan2x dx = %fseCZZx * sec 2x * tan 2x * 2 dx

1sec32x sec32x
= +C= +C
2 3 6

3) [ sec? g (1 + tan? g) dx = fseczgdx + fseczgtcng dx

tan3x/3

=3tan§+3 +c=3tan§+tan3§+c

4
4) [ ax =§f(2+3tan§) *seczgdx*B*%

x o\ 4
2_( _)
coS > 2+3 t«':ll’l2
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x\~3
=Zx (243 tan) = —3(2 + 3tan£)_3 +c
3 -3 9 2
.
Q2: Fmda

1) sin®xy+tany = x? —y = 2sinxy.cosxy.(xy' +y) + sec?y.y = 2x — y’
2xsin xy.cosxy .*y' + 2y sinxy cosxy + sec?y.y' = 2x — y'
y'(2xsin xy cos xy) + sec?y + 1 = 2x — 2ysin xy cos xy

2x—2ysinxy cosxy

y\ - 2x sinxy cos xy+sec?y+1

2) sec3y + cot(xy) = x3 —y% = 3sec?y.secytany.y
—csc?(xy) (xy* +y) = 3x% = 2yy’
= (3sec?y.secy.tany — xcsc?xy + 2y)y’ = ycscixy + 3x?

yesc?xy+3x?

y =

"~ 3sec3y.tany—xcsc2xy+2y

Q3: Calculate lim (x?+x-6) tan(x—2)

x—2 (x—2)2
sin(x-2)
— lim (x—2)(x+3)—COS =2)
x—2 (x—2)2
. +3 in(x—2 243 5
= lim (x+3) Sin(x=2) |, 1 o= =2-=5
x—2 €os(x—2) x=2 cos(0) 1
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MATRICES AND DETERMINANTS
Cilddaall g cild giiaall

1) MATRICES <
¢ alindl sl A pall 2o Y gl ddEad) Mae V) (e de sane A (MALTiX) 48 staall
:Jie Jibauiia jaa JSS5 Sl 5 (columns) 3aee) 5 (rows) < siaa (A 4

5 7 2
6 3 8
and (3) columns

] - This is called a 2*3 matrix because it has (2) rows

O Coa (M*N) A e 5 lfaael s b shia dae A udy (Order) 48 stiaall 45 o o
Baac ) 2ae () 5 s gaall 22 4 (M)

[ ]80S dra e (ol 58 G (alind) 5l ) B Y1 pems oy i siaall 3 o
A;ﬁ‘)[ﬁiédhgjce@_gg@gjﬁ%A;;S‘}!ﬁg;d\elﬁjﬁ\wﬁgaﬁjw\0:0
Cpma it i dadd e Lail g Le dae (g gl Y Ad shiaall ) (g) ) 48 saall (ga0e il

(PR e
( Double suffix notation ) z s> <!l e gl
O s (A23) Jia 7 s el el aladiind Qi 4ild 4 ghiadll il jeaic aBge jaa ol S
EN 3 sanll ) 5y (3) BN 5 SN Caall 1 ek (2) Al (ML) eainll 4 ()
A8 ghiaall (pe BN 5 gandl ¢ G Caiall 80 oS juainll 124 ad e b Glly
6 —5 1 -3

Ex:)| 2 -4 8 3 | the orderis (3 * 4)
-2 9 7 -1

a24_ = 3 a33 = 7 a22 == _4‘

and so on
a14_ = _3 a23 = 8 all = 6

d SIEN L C Cia B dais sl A Gia Jie ddsiadl jay Jasd of (Say o
- MWia 5 AY) e Ad glina Huad
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byq b12]

[ @11 Q12 Qg3 _
Al=] o o ] Bl= [b21 bz,
b3 b3y

=~ [A] is a 2*3 matrix and [B] is a 3*2 matrix
< Equal Matrices:  4ugludiall cid ghiaal)

Two matrices are said to be equal if corresponding elements
throughout are equal. Therefore, the two matrices must be of the same
order.

( Addition And Subtraction) — lbghuasiz b g aes

R{E .(order) A jall (i w‘i}\bj&u\u;_\um)wc)la)\@;eugﬂ
b (@ sall b 5 liall) ALE ualiall &l i an a4l Gl LS

sl
T TR
w122 2
andB-A=[ 7 70 a T =5 5 o

-: (Multiplication of Matrices) <l sicadl & ya o
3 2 5 12 8 20
4 x
[6 1 7] 24 4 28]

48 saall B ghia 23 = V) A8 ghiaall Baae) 2ae ! o AU da )
O shadl) O pm Sy D o A0 e a9 a1 1D 5 AN
EX: [A]z2 » [Bl2sa

EX:

~ A * B is possible [ since (3*2)*(2*4)] the dimensions of the new

matrix will be 3*4
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B = A is not possible [since (2*4)*(3*2)]
i g 08 sheaall o juda (S Y A LAl 85 Y
;Q\L’J\Sg)ﬁaﬂ ;\ﬁ\eﬁg} 8 gdimal) O pia (S Bl Ja 31 8 63130 e
32) OV dsaall jualic i (V) 4 sheadll (e) J5¥) Canall jualic i <
Jeala) (@gq) @dsall 850 4 ghine b ilil) g s oy s (Al 48 sl
(el g

BLM\:BM\HM'C@&MU\&‘U}LY\WM<
8
A_[4 7 6 _
iA‘[z 3 1]’8‘ g]

Loyl jasi 13 ((3%1) b [B] dsiaad) 5(2%3) & [A ] &siad o Lo

~ [A]*[B] = (2*3)*(3*1
ABI= 93D
3u0al) Aatll) 48 gaundll
ceiins Iy 5 AU A simall 8 Cashall de e sV 8 had) i saee V) 220 (gl Cun
(2%1) A e D3 B 48 hina

@) + (DG + O] _ (121
4B = | (5)2) 4 (3)(5) 4+ (1)(9>] = [40
1 5
8 4 3 1
Ex: [A] = |2 7},[81:
3 4 2 5 8 6
=~ [A * B]

B2+ (M2 BHR@+G)7) B)2)+ (DB (1) +(7)(6)
BB +®HER) BHBR+G)X@E) BGXB)+ME®B) (DB +H(6)
18 29 43 31

30 43 62 44
32 32 41 27

@M +G)2) OD+GEG) GXM+G)® (1)(1)+(5)(6)]
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(Transpose Matrix) 4 gaal) 48 ghuaal) o

IV Gl () (5 i shmall il o sheall a8 o Lo 2 ghcn b B3ac Y 8l g0 o 25 13

5 I 3 el ey A ol D 3 gad) sy A Ciall 5 (J¥) 3 ganl) e

el e 5 (Transpose matrix) = dasaill 138 (o AL 000l 46 ghiaall (6, 13Sa
(A o 53 B giaaal) S 13 (AT) el

4 6
Ex:IfA= |7 ofthenaT =[* 7 2
6 9 5
2 5
0 76 4 0
Ex: (HW)if A = ]andB= 3 7| then find: (4 = B)T
3 1 5
15
35 20
(ans.[79 32)

% Special matrices:

a) Square matrix: is a matrix of order m*m
8 ghall dae xa baac Y dae Lead (g sluty ) A8 shiaall & Ay jall 48 gaiadll

b) Diagonal matrix: is a square matrix with all elements zero except these

on the leading diagonal.

5 0 0
0 2 0| isadiagonal matrix

0 0 7
¢) Unit matrix: is a diagonal matrix in which the elements on the leading

diagonal are all unity i.e. :

1 0 0
[O 1 0] s a unit matrix and denoted by |

0 0 1
Note: A. I =1.A=A

d) Null matrix: a null matrix is a matrix whose elements are all zero

0 0 O
0 0 O
0 0 O
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2) DETERMINANTS Cfoaaal/

With each square matrix A we associate a number called the determinant of [A]

(denoted by det. A or |a;l). The determinant of matrix is calculated from the

entries
(8.11, a12, 813,.....) of A.

A3 5 (A shaall Ba3ma) o o) A0S ) Sa (A A gheaal) Ji) dn je A ghan S 0
e 5 ) gy g anall 108 ) ALY Aima 48 5k (@yp , A1, A13) A sheaal) jualie Jabad ol
.Minors and cofactors 4 ks aasall sl oSa

¢ Minors and cofactors:

a) Minors: the minor of the element a;; [where (i) is the number of row, and
(j) is the number of column] is a matrix [A] in the determinant of the
matrix which remains after the row and the column containing the
element a;; are deleted.

a2l (Minor) e aa Sllia (AZ&M\ dfm) Lo dd gina palic o paic K o
praiall Gl iy (pAll 3 garll 5 Caall Cada A (e salag) (S (MinOr) J) 138 el
aiall (MINOr) (se X cadall axy daiall 23l | (panall

ai1 A1z 413

A1 Az Az
az1 dzpz dAzz

ai1 Aqz Qg3
az1 QA QAz3|thendetd =
az1 Az dszz

Ex: If [4] =

day yo Lol 81 A siiadlld | yualially Japa Al Gl 8V 800sal) (e 48 ghinall Gaad oy ;dd2adla
] Ao da shad e ) Basaall g0 [ ] EaS

H - a a . . a a
The minor of a3 is :| » 12| The minor of ay; is :| 22 23|
d31 A3z azp azz

: . |A11 Q12 . . |a a
The minor of assis :| | The minor of a;,is :| 21 23|
z1 Az a3; Qsz

and so on.

R/
0’0

b) Cofactors: the cofactor of aj;, is the determinant (A;) that is (—1)**/ times

the minor of a;; :-
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A;j = (=)™ « minor of a;;

(cofactor) e W pas N (g2 (ura paic (MINOF) ) (s e ) dalli) 3 )L clac) o
Jia%\zmw\@ﬁjﬁw\gﬂd\cﬁy& 2aiad 3,LEY) | (@jj A Den) oeainl) Sl

:at\d\ d}‘l;j\
+ - 4
— + _—
+ — +
ajp Aq2 Qg3 ai1 Qg2 Qg3
Ex:if [A] =|Q21 G2z Gaz3|,thendetA = [A21 Qa2 Qg3
aszy1 dzp dzz aszi1 Az dzz
] a2 a4
» The minor of az = | 3|
A, dAzs
a2 Qag3
The cofactor of az , Asi= (—1)3*1 % | |
Az, dAa3
. a1 Aaqp
» The minor of ay; = | |
az1 dszp
The cofactor of az , Ay3 = (—1)*3 |a11 a12| ....... And so on.
as, Qasp

+» We can find the value of the determinant by summing the (cofactors*entry)
of the entries of any one row or any one column, thus:-
pladin) Juady ) 3 gae (5] ) Cha () aladiuly day o 48 ghiaa (Y 2anall Lo alal Sy
(Al Clleal) Jagull Jlaa¥) (e (San 58 3S) (5 ging (521 2 ganl) ) Caall
a1 Q12 Ag3
a1 Az dz3
asz; Qasz dasz

Ex:detA = e Js¥) Caall 32l o

=ay71.411 + ay3. A1, + a43. A3
= ayy. (D702 OB g (C 2 O
a3, dszz azq1 dszz
a a
_ay1+3 |H21 22|
+ags. (1) .|a31 0

<l D 3 ganll L) a3 1) 5 o
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ay1 Qg2 Qg3
A1 Az Az
az1 Az dzz

det 4 =

= a4, (=113 |a21 a22|+a (—1)2+3 |a11 a12|
13- “lazy  asp 23 “lazq  aszp

a1 QAqp
+ 2. (—1 3+3.| |
33 ( ) a21 a22

i sl gl 2 sae (o) Hlial 2313 Jladl 1S

s+ EXPANDING AND EVALUATING A DETERMINANT:

» For a matrix with only one element, det [a] = a

» For a matrix with 2*2 , det |a11 a12| = Q1.0 — Ayq.017
az1 Ay
» For a matrix with 3*3
ai1 Qg2 Qq3| A1 Q12
Az1 QAzp Qp3| Az1 Ay
asi1 Qs daszz| asz; asp

= (a11.Ay3.a33) + (1. Az3.a31) + (A13.A31. A3;) — (A31.Az;.A43)

— (as;.a33.a11) — (A33.031.a13)
CilS 13 Lo Lgaladiinl s Y 5 3%3 badaay duald sasall b 45 Hhall o2 3 daga ABiadla

. 3%3 e aS)Baasll
+¢ For a matrix more than 3*3 we use the definition of (minor) and (cofactors).

ol S (cofactor) 5 (Minor) <ajles aadiuw o) cangd 3*3 (e 5S) day jall 48 diaall CulS 13

Baxaall (A8 ya) da )y Jlay (cofactor)d) plasiul (Y caasall sl

2 1 3
Ex: Evaluate A = |3 —1 =2 43k e JiSLabe Jisadl da
2 3 1

:Js¥) iual) JLadl g (cofactor) 8 (minor) aladials : Ja¥) quslud) (i

detA = a11.A11 + alz.Alz + a13.A13

» APPENDIX Trigonometric Function 46



Mathematic (1)

=25 (12«70 T @ (-3

_1|
3 1

3

>+ Dt

3
2
=2(-1+6)—1x(3+4)+3(9+2) =36

sl 3 gandl LA 5 (cofactor) s (mMinor) alaiials : AGN G glud) (2

detA = a13.A13 + a23.A23 + a33.A33
o anal3 =1 o ns2 1 Cel2 1.
=3CDH, Sl EDEDf; o+ mentfy Jyf=s

3 *3 Jaaall Aaldd) 48 lal) aladily ¢ GG G glud) (&

2 1 3i2 1
3 -1 -23 -1|=
2 3 112 3

=@2)EDO +ME2)R) + GGG = (D) = 3)(=2)(2)
- (MG

=—-2—-—4+4+27+6+12-3 =36

1 1 -1
Ex: Findthevalueof X)if :[x 1 2|=0
1 2 -1

¢ Expanding first row:
132 1 2 __1\3 X 2 _ _1\4 x 1 _
1.( 1).|2 _1|+(1)( 1).|1 _1|+( 1)( 1).|1 )| =0

=(-1-4)—(—x-2)-Qx—-1)=0

—S54+x+2-2x4+1=0—>x=-2

Or:
1 1 —-111 1
1 2|x 1=0
1 2 —-111 2

=(1*1*-1 4+ 1*2*1 4+ -1*x*2) - (-1*1*14+1*2*2 +1*x*-1) =0
142 -2x4+1-44x =0 — x=-2
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s CRAMER’S RULE
Is a rule for solving a system of linear equations, like three equations with

three unknowns

If a11.x + alz.y + a13.Z = b1 ................. (1)
a21.x+a22.y+a23.Z = b2 ................. (2)
A31-X +A32. Y +A33.Z =bg cooviiiiiiin, (3)

Then cramer’s rule gives:-

Dx Dy 7 Dz
X =— = — =—

p > Y= D

ai1 Qg2 Qg3 by a;; ag3

Where ; D = [A21 Q2 G3|, D, = |by a, a3
az; a3z 04z b; a;, as;

a1 by ags a1 Q2 by

D, = |az; b, a3, Dz=|az az b

az; bz ass az; dz; b

EX: Find the values of x , y and Z by cramer’s rule for:

y—27Z=3
2x —2Z =2
2y+Z7Z =3

Sol: Re- arranged the equation as
0.x+1.y—1.2Z=3
2.x+0.y—2.Z2=72

0.x+2.y+1.Z2=3

01 -1 3 1 -1
«D=2 0 -2{=-6, D,=|2 0 —2|=zero
02 1 3 2 1
0 3 -1 0 1 3
D,=12 2 —2|=-12, D;={2 0 2|=6
0 3 1 0 2 3
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EX: solve the following system of equation by cramer’s rule;
t—-1D.x+ty=1

tx+({t—1).y=-1
D=|t_1 t |=-1?-2=t?—2t+1-¢2=-2t+1
t t—1

D=|1 ‘ |=t—1+t=2t—1:~x=Dx=2t_1
x -1 t-1 D =2t+1

=1

=1 1 _ _Dy
Dy_| t _1|— t+l-t=-2t+12y=—"=

_ T2l
YT e+ 1
X 2 3
(H.W) Find the valuesof () if: |2 x+ 3 6 |=0
3 4 X+ 6
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Transcendental functions

1) Logarithmic functions

a) Natural logarithmic functions:-
log,m = xthen m=e”*

where e is a real number (e = 2.718)

log.m =x shall be writtenas Inm =x

b) Common logarithmic functions:-
log;om = x thenm = 10*
log,om =x shall always written as
~ logiom =logm =x

¢) General logarithmic functions:-
log,m=x then m=a*

Properties of logarithmic functions:-

> LW e

log(x.y) =logx + logy
In(x.y) =Inx +Iny

X
log; = logx —logy

1

1 _
log (;) = —logx =logx
log3? = 2log3

b _
logx™ =b logx log sin?x = 2logsin x

logsinx? # 2logsinx

Inx
log, x = a where a # 1

In x
In10

log,px =
logl =0
log,a=1

Graph of logarithmic function

In

» APPENDIX Trigonometric Function

logm = x

50



Mathematic (1)

Y =X
2) CllaosSmlli ] e dil xS /

e oSl ] e S I ) -/

Differentiations of logarithmic functions

If y = logg u(x) then 2 = —x——x d(ux)

Ina ux) dx

Integration of logarithmic functions:-

_[1111((;()) = In|u(x)| +c

y
jy

dx
j—=1n|x|+c
X
f x dx _1.[2xdx_1l X2+ 1)+
2+1 2)x2+1 2™ ¢

1
= =In|lnx| + ¢
xInx In x

. dy .
Find e

.1 3
1) y =Inx3 —)y=;*3x2=;

Ory=31nx=>y‘=3*i

2) y=log5(x3—x)=>y‘=i* ! x* (3x%2—1)

In5 x3—-x

3) y =In(Insinx) =y = :

%
In(sinx) sinx

* COS X

4) y = x°05* (gohll In 28U juaie () Lexic)
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Iny=Inx“%*=Iny =cosx.lnx

1
—*Yy =cosx*—+Inx *x —sinx
y X

[COS X

y = x| ——— sinxlnx]

1

_ 3 ’(x+1)2(x—3)5 _ [x+1D)2(x—3)%]3
5) Y= (x3+1) cosx =y= [(x3+1) cosx]

(x + 1)%*(x—3)° 3
(x3+ 1) cosx ]

1ny=ln[

[In(x + 1)?(x — 3)°> — In(x3 + 1) cos x]

W =

Iny =
1 1 1 1
Iny = §ln(x + 1)? +§ln(x —3)° —§ln(x3 + 1) —§lncosx

2 5 1 1
Iny = §ln(x +1) +§.1n(x - 3) —§ln(x3 +1) —§lncosx

y 2 1 +5 1 1 3x? 1 1 )
—_ = = — JR— —_— k —
y 3x+1 3x—3 3x34+41 3cosx S

1

1
6) y = 3Vcosx =y = (cosx)x = Iny = In(cos x)x

Iny =-1
ny =—lIncosx

y 1 1 _ 1
—=[—* *—smx+lncosx*——]

y Ix cosx x?
O 1 1 _ 1
y =\/cosx[—* *—smx+lncosx*——2]

X COSX X

Evaluate the following integrals:
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) f sinx dx _ 1 —3sinx dx _ —lln|3cosx n 5| I
3cosx+5 3 3cosx+5 3
1 1
dx . —= (sin x)2
2) [Z2E= = [(sinx)7zcosx dx = 52—+
Vsinx >
cotx dx cotx dx cotx dx .
3) flogssinx = | Thsmx =In5 [———=In5In|lnsinx| + ¢
Ins
4) fzxx_sdx = fzx—xdx—f%dx = 2x —51In|x| + ¢
dx 2 1 (Inx)~?2
5) fx(lnx)3=f(lnx) Soodx = +c
-1
dx __ _ 5 2% 2% _
6) f\/}(1+\/})—2f1+\/}—21n|1+\/§|+c
7 dx _ ta:lx*seczxdx — nll
) ftanx(lntanx)coszx o In(tan x) o nl ntanxl tc

Ex: Find the values of (x) if
2InVx —1+In(x+3) =In5
Solve: In(Vx—1) +In(x +3) =In5
In(x —1)(x+3)=1In5
x—1x+3)=5
x?4+2x—3-5=0=>x*+2x—-8=0

(x—=2)(x+4) =0 eitherx =20rx =—4

Exponential function:
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A) y = e* is called the exponential function, where (e) is the exponential
number (e = 2.718)

Notice thatif y = e*thenlny = Ine* = xlne = x

Ine* = el"* = x
Properties of ( e*)
1) eX1+X2 — exlle.xZ
2) e® =1
3) e™* = eix c’L
4) Ine* =x 2T X
5) elnx — 4 t / - >
F AT NPT TN |
Graphofy = e* L A BT
ph of y /&// .
Diff of exp. Function \ /l 4
Ify = e/® then % =e/® £ (x) ’

o AEiaa) # L A * N Laluy) = dsisal

Integration of Exp. function

Since d(e*) = e*.dx
jexdx =e¥*+c¢

Or in general

du
je”<a>dx=eu+c

Aalea¥) Al g il JalSal) 8 e Al < g3 13)

Ex:[eS"* cosx dx = eS"¥ + ¢

B) y = a* is called the exponential function to base (a) wherea >0, a# 1
Notice that if y = a* then y = e*In¢

Graph Of a ax oy 0:( ‘\czﬂ ’J7 '

Differentiation of y = a* r o X
Pl 3= @ fer 0Xag
3

&7
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Ify =a*wherea>0 a# 1

Then| 2 (a/®) = Ina « a/® » £ (x)

Integration of y = a*

1
faf(x) S x) = xaf® + ¢
Ina

Ex: Simplify the following:-
1) e = %2 _ 1 = (x — D) (x + 1)

2 2
2) eln3+2In4 _ ,In3+In4* _ ,In3 4 ,In4" _ 3, 42 — 4g

3) lne—:x=lne3x—ln5 = 3xlne—In5=3x—1In5

4) In(x?+e?*)=Inx?2+Ine ™ =Inx? —2x =2Inx — 2x

2 2
5) er—lnx _ e e~
T elnx T,

EXx: Solve the following (find x):

1) 3* =2**1 =3 1n3*=In2*"1 =>xIn3=(x+1)In2
xIn3=xIn2+1n2

xIn3—xIn2=In2=x(In3—-1In2) =1n2
xln5=1n2:,~x=—

2) x* =2% forx>0
xInx =xIn2=x(Inx—-In2)=0
~Inx—In2=0 = Inx=In2=>x=2
3) 4 *=3*"2> [n4™*=In3*"2 > —xInd4=(x+2)In3

—xIn4=xIn3+2In3
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(In4 +1n3) = 21n3 In 9
— ] = = —
x(In n n X 17
4) In(x+vVx2—-1)=1
x++x2—1=¢l skl @ 2l
Vx2—1=e—x Ol a
x2—1=-e?—2ex+ x?
e?+1
2ex=e’+1>x=
Ze
5) 3* +3™* =4 3x MJL,_A\&)L‘._,)@
32% 4+ 1= 4%3%
32* —4x3¥+1=0
4416 -4
3¥ = —— =3*=2+3
xIn3 =1n(2 + V3)
_In(2++3)
x= In3
6) logs(x +2) +logs(x —2) =1
logs(x +2)(x —2) =1
51=(x+2)(x-2)
x2—9=0=>x=43
Find &
dx
1) y = eSiN* = y' = ¢SINX o5y
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2) y =29 =y =29%%%]n2 *x —cscxcotx
3) tany =e* +1Inx
Seczy*y‘zex+;:>y‘= .......
4) y = 2*.3* = Iny = In(2*.3%)
Iny =In2* 4+ 1In3*
Iny=xIn2+xIn3=x(In2+In3)=xIn6
y C_ox ax
;=1n6=>y = 2*.3%.1n6

5) 31+ey — 23+4x
d x
31+eY 4« In3 * eV *d—i’= 234" %« In2 x4* xIn4

.3 x2 . .3 x2 ) 2 2 2
6) y=eS"e =y =S x3sin%e* xcose* *xe* x2x

7) Inyx = xYesinx o In(Inyx) = y?sinxInx

1 1 1
e e (x.y +y) =y? sinx.—+Inx (2yy sinx + y? cos x)

8) y = xSM% 4 x2?  Aliadie Al al el Cahall ¢ 5SS 55yl okl In 330 oSa Y

sinx

y = elnx +x2

y = esmxlnx +x2

y\ — esinxlnx (

sinx * o + cosx. lnx) + 2x

Ly = xSinx (Sinx * + cosx. lnx) + 2x
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9) y = (x% 4+ 1)* + sin(x¥) + x*
y = eln(x2+1)x3 n Sin(elnxx) g
— ex3ln(x2+1) + Sin(exlnx) + x4

2x
241

y' = ¥’ In(x*+1) [x3 *¢ + In(x? + 1) * 3x2]

1
+ cos(e*n¥) [e"lnx (x; +In x)] + 4x3

10) y =tanx* = y = tane™*” = tane*!n¥

1
y' = sec?(e¥In¥) x gxInx 4 (x; + lnx)

Ex: Evaluate the following integrals:-
1) f(e*+2)dx = [e*dx+2[dx=e*+2x+c

— — l 2x
2) f3e2x+1 f3e2x+1 N 6ln|36 i+

3) [e™V*Hl gy = [x + 1 dx (x+})/2+c

4) [3t@n7x sec?7x dx = — ——3tan7x 4 ¢

5) [2%.cos2¥dx = — [ 2% xIn2 * cos 2* dx = — *sin2% + ¢
In2 In2

cos@+x) 4 — 1n|sin(2+x3)| +c

sin(2+x3)

6) [ x%cot(2+ x3)dx = [ x?

7) [e**sec?(e** +1)dx = %tan(ezx +1)+c

Inx (ln|x|)

8) [——dx= +c

2

9) f In(sin x) dx

tan x

= %(ln (sinx))? + ¢
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10) [y = Ini3x® —6x 45+
sec3x+esSinx sec3x eSinx
11) [ —dx = [ dx+ [T —dx
= jseczx dx + f eS¥ x cosx dx =tanx + eS"¥ + ¢
2 5,e2
12) fle 21;1x dx = 2(In x) — (]neZ)Z — (In 1)2 = (2In e)z —4-0=4

.2 . .2 . .2
13) [eS™* sin2xdx = [eS"™ ¥ x 2sinx cosx =S¥ + ¢

¥
14) [‘=dx=2e"+c

6 Inverse trigonometric functions
The inverse trigonometric functions are defined as follows

y =sin"lx = x =siny
y =cos lx = x =cosy
y =tan"lx > x = tany
y =sec”lx = x =secy
y = cot™lx = x = coty

y =csc lx > x =cscy

. 11 . 1 . T 1
Ex: If sin 1E=x wsinx =2 but sin-=- = x=

oll

Inverse trigonometric identities:-
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1) sin1x + cos1x = g

2) sin"1(sinf) = 0

3) sin(sin™19) = 0

4) cos™1(—x) = m — cos1(x)
5) sec™1(x) = cos™?! G)

6) csc 1(x) = sin~?! G)

7) sec”(—x) = m — sec (x)

Derivative inverse trigonometric function:-

1) d(sin"tu) = \/%

2) d(cos™tu) = —\/f_iuz
3) d(tan™tu) = 1?;2

4) d(cot™u) = — 132

5) d(sec™lu) = Iulj%
6) d(csc™tu) = — Iulj%

Integration leading to inverse trigonometric functions

f dx _—
=sSin "x+¢c¢

V1 —x2
j dx — tan-lx +
i an"x + ¢
j dx S
———=sec 'x+c
xvVx2—1

d
f\/ﬁz sin~t (z) +c
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J% = %tan‘1 (f) +c

Examples

A) Show that
1) sin™!(x) is an odd function

Lety = sin"1(—x) = —x = siny
—y =sin"lx =y =—sin"1x
s sin~1(—x) = —sin™1(x) odd function
B) Evaluate cos(sin™10.8)

cosA =+ 1—sin2A

cos(sin™10.8) = /1 — sin2(sin~10.8)

= /1 — sin(sin=10.8).sin(sin"10.8)
=,/1-(0.8)(0.8) =V1—-0.64=0.6

C) Find el
dx
2x

Dy=sin1(x?*)=>y = T

_ _ . —(x cosx+sinx)
2) y = cot 1(x SIHX) =Yy = 1+(x sin x)?

3) sec™(x,/y) = sin™? (ﬁ)
_31

5
|x\/_|\/xy—1 Jl—(i)z

In x

4) sin™1(x¥) + (cos™1y)Sin 7% = x2
Sin—l(elnxy) + eln(cos_ly)sm_lx = y2

L . -1 -1
sin 1(eylnx)_|_esm xIn(cos™y) =x2
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ey Inx (J}/ + lnxy‘)
\/1 _ (eylnx)z

=

_|_esm Ix1In(cos™1y)

_y\

sin~1x

+ In(cos~ty)
Y 1—x2

D) Evaluate the following integrals:-

1)fm—sin‘1§+c

=sin"!(Inx) + ¢

2) [

x dx
DN ==

—1)2

sinlxdx (sin
4) [ =

Vi—x2 2 te

2%dx 2%dx 1 —1ox
>) f1+4x B f1+(2x)2 =zt 2"t

3x% dx

6) fﬂ_ f
i3 oo

= —sin‘l(x3) +c

dx 1 dx 11 X
7 —_— = - —=——tan'1 — |+cC
) f3+2x2 2f§+x2 zf \F
2 3 3
2 2
f (1+x)dx f dx f 2x dx
4+x2 4+x2 44x2

» APPENDIX Trigonometric Function

note: [

note:

*
cosly  [1—y2

1
]=2x

f=x

df = dx

a=2
f=Inx
1
df—;dx
a=1

1 A/ _x2
=—%f(l—xz)_E*—Zxdxz—ll—z—\/l—x2+c

2 1,

f=2"
df =2*In2dx
a=1

Note:
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Mathematic (1)

ot ‘1x+11 14 +x2|+C
= 2 an 5 5 n X
dx dx dx f =x+2
9) fx2+4'x+8 = fx2+4x+4-—4+8 = f(x+2)2+4 note: [ df = Czlx
a =
1 - (x + 2) N
= 2 an 5 c
X dx dx
10) f\/6x—x2_8 - f\/—(x2—6x+8) - f\/—(X2—6x+9—9+8)
dx dx f =x—3
=f = note:| af = dx
J-Ix-32-1 J J1-(x-3)? I ]
=sin"'(x—-3)+c
12 f (tan™"Vx f (tan_lx/f)g _ 2(tan‘1\/§)4 iy
) \/_(1+X) 2vx(1+x) 4

13) f—3x 2 e s s )45\ Ll il g 4_,)“5 Al ol 13 ek
x“+1

=J(3x—4)+x2ﬁ_1 dx
" 3x —4
:JBxdx—4fdx+4fx2+1dx 241|323 — 4x? + 3x
 3x%+3x
=i2—4x+4tan‘1(x)+c —4x?
2 —4x% — 4
+4
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